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Abstract
In this papertheproblemof curvature behavioraroundextraordinary pointsof a Loopsubdivisionsurfaceis ad-
dressed.A variantof Loop's algorithmwith smallstencilsis usedthatgeneratessurfaceswith boundedcurvature
andprescribedelliptic or hyperbolicbehavior. We presenttwo different techniquesthat avoid theoccurrenceof
hybrid con�gurations,sothatanelliptic or hyperbolicshapecanbeguaranteed.
The�r st techniqueusesa symmetricmodi�cation of the initial control-net to avoidhybrid shapesin thevicinity
of an extraordinary point.To keepthedifferencebetweentheoriginal andthemodi�ed meshassmallaspossible
thechangesare formulatedascorrectionstencilsandspreadto a �nite numberof subdivisionsteps.Thesecond
techniqueis basedonlocal optimizationin thefrequencydomain.It providesmoredegreesof freedomandsomore
control over theglobal shape.

1. Intr oduction

Tuning hasalwaysbeenpart of developingsubdivision al-
gorithms.Already the �rst publicationsdealingwith sub-
division algorithmsfor surfacesof arbitrary topology use
the free parametersof the algorithmsto improve the limit
shape,e.g.[CC78,Loo87]. Latermodi�cationsof theeigen-
valuesin the frequency domainwere usedto achieve sur-
faceswith zeroor boundedGausscurvatureat theextraordi-
nary points [Sab91, Hol95, PU98b, PU98a, Loo02, Loo03].
Since then, various suf�cient conditionson the sub- and
subsub-dominanteigenvalueswereformulatedto minimize
polarartifactsor to ensuretheability to generatebothelliptic
andhyperbolicshapes[SB03,PR04]. Also conditionsonthe
eigenfunctionsareknown that arenecessaryto achieve Ck

smoothnessat extraordinarypoints [Pra98]. Basedon this
more sophisticatedapproacheswere developedthat mod-
ify the eigenvectorsto approximatetheseconditionsin or-
derto achieveoptimizedcurvaturebehavior atextraordinary
points[BK04].

Whenjudgingthebehavior of thecurvaturenearextraor-
dinarypointstherearetwo aspectsto dealwith. The �rst is
to ensureboundedcurvatureandthesecondis to avoid gen-
erationof so-calledhybrid shapes,whereneitherthe ellip-
tic nor hyperboliccomponentsbecomedominantduringthe
subdivision process.Thesepointswith hybrid shapeareone
reasonwhysubdivisionsurfacesarenotwidely usedin CAD
applicationsto constructhighqualitysurfaces[KPR04]. Fur-

thermore,thereis no simplemethodfor a designerto tell if
pointswith hybridshapewill occur. Soit is necessaryto de-
tect thesepoints and decidefrom the control-netswithout
user-interactionif the hybrid shapeshouldbe correctedto
anelliptic or hyperbolicshape.

Onetechniqueto improve the curvaturebehavior hasre-
centlybeenpresentedin [ADS05,ADS06], whereabounded
curvaturesubdivision algorithmwas combinedwith an ei-
genvaluetuningminimizing thevariationof curvaturein the
so-calledshapecharts.Though,this reducesthe numberof
hybrid shapesit doesnot guaranteea prescribedelliptic or
hyperbolicshapeat theextraordinarypoints.Our goal is to
guaranteethatno hybrid shapesaregenerated.We split the
probleminto eigenvaluetuningto guaranteeboundedcurva-
turebehavior andtuningof theeigencoef�cients of thegiven
input control-netto ensurepurelyelliptic or hyperboliccur-
vaturein thevicinity of anextraordinarypoint.

After recallingthebasicprinciplesof analyzingsubdivi-
sionalgorithmsandgiving suf�cient conditionsonthemod-
i�ed algorithmsin Section2, we proceedwith presentinga
boundedcurvaturealgorithm by eigenvalue tuning in Sec-
tion 3. In Section4 we proposea methodto decidewhether
to correctthe pointswith hybrid shapeto eitherelliptic or
hyperbolicshape.After that two techniquesfor tuning the
eigencoef�cients of control-netsarepresentedin Sections5
and6, followedby theconclusionandopenproblemsin Sec-
tion 7.
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2. Analyzing subdivision algorithms

We considera subdivision surface,which is generatedby a
stationary, linearandsymmetricsubdivision algorithmgen-
eralizingbox-or b-splinesubdivision.Thisallows theuseof
thestandardanalysistechniques.

Thesubdivisionsurfacein thevicinity of anextraordinary
pointof ordern correspondingto anirregularity in theinitial
meshof ordern canberegardedastheunionof theextraordi-
narypointm anda sequenceof splineringsxm. Eachspline
ring is representedas a linear combinationof real valued
functionsj 0; : : :; j L with control-pointsB0

m; : : :;BL
m 2 R3.

Combiningthe functionsin a row vectorj andthecontrol-
points in a columnvectorBm, the m-th spline ring can be
written as xm = j Bm. The sequenceof control-pointsBm
is generatedby iteratedapplicationof a squaresubdivision
matrix A to theinitial dataB0

Bm = AmB0:

This yieldsfor thesplineringsxm

xm = j AmB0:

Assumethat the subdivision matrix A haseigenvaluesl 0;
: : : ; l L with jl 0j � � � � � jl Lj correspondingto right eigen-
vectors v0; : : :; vL and linear independenteigenfunctions
y i := j vi for non-vanishingeigenvalues.Thus,xm is rep-
resentedas

xm =
L

å
i= 0

l m
i y idi ; di 2 R3:

Forasymmetricsubdivisionalgorithmtheblock-circulant
matrixA canbetransformedto asimilarblock-diagonalma-
trix Â with diagonalblocks Âk by a discreteblock-Fourier
transformationF

Â = F � 1AF = diag(Â0; : : :; Ân� 1):

TheFourier index of aneigenvaluen of A is de�ned as

F (n) := f k 2 Zn : n is eigenvalueof Âkg:

Then,the following conditionsaresuf�cient for the subdi-
vision algorithmto generateregular surfaceswith continu-
ousnormalandboundedGausscurvatureof arbitrarysign,
see[RP06]:

1. All rows of A sumto one,i.e. l 0 = 1 > jl 1j.
2. Thesub-dominanteigenvaluel is positive andhasalge-

braicandgeometricmultiplicity two, i.e.

l := l 1 = l 2 > jl 3j;

andthecharacteristicmapY := (y 1; y 2) is injective and
regular.

3. Thesubsub-dominanteigenvalueµ satis�esµ = l 2.
4. Thesubsub-dominanteigenvalueµ is positiveandhasal-

gebraicandgeometricmultiplicity three,i.e.

µ := l 3 = l 4 = l 5 > jl 6j;

with Fourierindex 0, 2 andn� 2.

The �rst condition ensuresconvergence,the secondC1-
regularity, thethird boundedcurvatureandthefourthallows
for arbitraryelliptic or hyperbolicshapes.Unfortunately, the
standardalgorithmsdo not satisfy theseconditions.They
have to bemodi�ed to ful�ll all criteria.

To analyzecurvatureof subdivision surfacesin morede-
tail we follow [PR04]. Let L be the matrix that orthonor-
malizesthetangentdirectionsd1 andd2. Thesplinering xc
de�ned by

xc := (Y c; y ) with Y c := YL and y :=
5

å
i= 3

y ihdi;ni

is calledthecentral surfaceof thesubdivisionsurface.It de-
pendson the initial dataandprovidesa tool for judgingthe
behavior of thecurvaturearoundextraordinarypointsa pri-
ori. If Kc denotestheGausscurvatureof thecentralsurface
xc, theshapeat theextraordinarypoint m for genericinitial
control-netsB0 canbecategorizedas

� elliptic in thelimit, if Kc > 0,

� hyperbolicin thelimit, if Kc < 0, and

� hybrid, if Kc changessign.

Even with condition 4. extraordinarypoints with a hybrid
shapecanoccur, see[KPR04].

3. A boundedcurvature variant of Loop's algorithm

Loop's algorithm[Loo87] is a subdivision algorithmfor tri-
angularcontrol-netswith verticesof arbitraryvalencen � 5.
It is convenientlydescribedby its stencilswhich areshown
in Figures1(a) and1(b). This subdivision algorithmsatis-
�es conditions1. and2. but not 3. and4. of Section2. The
relevanteigenvaluesfor theseconditionsare

µ0 = 5=8� nb and

µi = 3=8+ ci=n; i = 1; : : :;n� 1;

with ci := cos(2pi=n) for an n-valent vertex. Note that
F (µi ) = i for i = 0; : : :;n � 1 andµ1 = µn� 1 > µ j for j 6=
1;n� 1 if b is appropriatelychosen.

To satisfy condition 4. a triple subsub-dominanteigen-
valueµ0 = µ2 = µn� 2 with Fourier indices0, 2 andn � 2
canbe achieved by an appropriatechoiceof the parameter
b, see[KPR04]. However, this subdivision algorithm still
generatessurfaceswith unboundedcurvature.To satisfyalso
condition3. we usethetechniquein [PU98a,PU98b].

Theeigenvaluesµi for i = 2; : : : ;n� 2 needto bechanged
to µ̃i suchthat

µ̃ j = µ j + d j = µ2
1 for j = 2;n� 2 and

µ̃ j = µ j + d j < µ2
1 for j = 3; : : :;n� 3:
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Onepossiblechoicefor d j is

d2 := dn� 2 := µ2
1 � µ2 and

d j := 1=16� µ j for j = 3; : : :;n� 3:

Usingtheadditionalstencilin Figure1(c)with

gi = fi +
2
n

n� 2

å
j= 2

d jci j ; i = 0; : : :;n� 1;

and

fi =

8
<

:

3=8 ; for i = 0
1=8 ; for i = 1;n� 1
0 ; for i = 2; : : : ;n� 2

condition3. canbesatis�ed without affectingconditions1.
and2. Theadditionalstencil in Figure1(c) is only usedon
edgesemanatingfrom an irregular vertex. For all the other
verticesthe usual stencilsof Loop's algorithm in Figures
1(a)and1(b) areused.For thestencilin Figure1(b) to sat-
isfy condition4. theparameterb mustbesetto

b =
31� 12c1 � 4c2

1
64n

:

Thus,thesestencilsrepresenta variantof Loop's algorithm
thatgeneratesC1-regularsurfaceswith boundedGausscur-
vatureof possiblyarbitrarysign.

4. Analyzing and categorizingthe initial control-net

To visualizethepotentialshapesasubdivisionalgorithmcan
generateKarciauscaset al. [KPR04] proposethe so-called
shapecharts.If the subdivision matrix hasa triple subsub-
dominanteigenvaluewith Fourier index 0, 2 andn� 2 the
third coordinatefunctiony of thecentralsurfacexc canbe
writtenas

y =
5

å
j= 3

y jhd j ;ni = : a3y 3 + a4y 4 + a5y 5:

Here,n is the surfacenormalat m anda j := hd j ;ni is the
normal componentof the eigencoef�cient d j of the initial
control-netB0. In orderto representall possibleshapescat-
egorizedby the behavior of Kc the coef�cients a j can be
interpretedasbarycentriccoordinates.Thebarycentriccoor-
dinates(1;0;0) representtheelliptic shapewith Kc > 0 and
the barycentriccoordinates(0;1;0) and (0;0;1) represent
thehyperbolicshapewith Kc < 0.Now, for every(a3;a4;a5)
thepoint in thetrianglecanbecoloredaccordingto its shape
category wherered encodeselliptic, greenhybrid andblue
hyperbolicshapes.This imageis theso-calledshapechart.
This conceptcaneasilybetransferredto shapechartsin po-
lar coordinates[ADS05], which will be usedin this paper.
Examplesof shapechartsfor theboundedcurvaturevariant
of Loop's algorithmof Section3 areshown in Figure2.

In order to control the curvatureof the subdivision sur-
faceat the extraordinarypoint the hybrid shapesmust be
correctedto eitherelliptic or hyperbolicshapes.Therefore,
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Figure 1: Stencilsof Loop's algorithm((a) and(b)) andits
boundedcurvature variant ((a), (b) and(c)).

it is necessaryto decidewhat thedesiredshapeis which is
representedby theinitial control-netB0. This requiresapro-
cedureto �nd theclosestnon-hybridcon�guration.

If the subdivision surfacecorrespondingto B0 hasa hy-
brid shapethereareseveral techniquesfor thisdecision:

1. Calculatefor the pixel in the shapechartcorresponding
to B0 theclosestnon-hybridpixel.

2. Calculatethecurvatureof a quadraticleastsquares�t to
theone-ringneighborhoodof theirregularvertex in B0.

3. Calculatethecurvatureof a quadraticleastsquares�t to
thecentralsurfaceof B0.

For the �rst techniquean appropriate2D distancefunction
on thepixelsof theshapechartis necessary. Theadvantage
is that this is computationallysimpleand fast if the shape
charthasbeencalculateda priori. The disadvantageis that
theaccuracy is limited by theresolutionof theshapechart.

The other two techniquesfocus on estimatingthe aver-
agequadraticbehavior of the surface.Thenthe sign of the
Gaussiancurvatureof thequadratic�t indicatesthedesired
shape.Thesecondtechniquefocuseson theaverageglobal
quadraticbehavior whereasthe third tries to reproducethe
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Figure2: Shapechartsin polar coordinatesfor thebounded
curvature variant of Loop's algorithm of Section3 for va-
lences5, 6, 7 and15.Redencodeselliptic, greenhybridand
bluehyperbolicshapes.

averagequadraticbehavior in the vicinity of the extraordi-
narypoint.Both techniquesdo not give a speci�c choiceof
d3; d4; d5 to guaranteea non-hybridshape.In combination
with the �rst techniquethey give a searchdirection in the
shapechartfor a non-hybridpixel.

Remark 1 Thetuningmethodin Section3 changestheright
eigenvectorsv2 and vn� 2 correspondingto µ2 and µn� 2.
This mustbeconsideredfor theshapechartanalysis.

5. A symmetric techniqueto manipulate the limit shape

A symmetricapproachto controltheshapein thevicinity of
an extraordinarypoint is basedon the observation that for
Loop's algorithmchangingthepositionof thecentralvertex
only affects the limit point d0 and the coef�cient d3 con-
tributing to the elliptic componentsof the centralsurface.
Thedirectionsd1 andd2 spanningthetangentplaneaswell
asd4 andd5 de�ning thehyperboliccomponentsof thecen-
tral surfaceare unchanged.This is becauseof the special
structureof theleft eigenvectors.In cased3, d4 andd5 rep-
resenta hybrid shape,we modify thepositionof thecentral
vertex suchthatd̃3, d4 andd5 guaranteeanon-hybridshape.

Assumethattheleft eigenvectorswk correspondingto dk
arescaledsuchthat wkvk = 1 and that the componentsof
wk correspondingto the one-ringneighborhoodc1; : : :; cn
around an irregular vertex c0 are equal to one. For the
boundedcurvaturevariantof Loop's algorithmof Section3
this choiceis possible.Thentheeigencoef�cient dk is com-

putedas

dk = wk � [c0; : : :; cn]; k = 0; : : : ;5:

For k = 3 theleft eigenvectorw3 is of theform of [n;1; : : :;1]
whichyieldsfor d3

d3 =
n

å
i= 1

ci � nc0:

In orderto changed3 to d̃3 by changingonly theirregular
vertex c0 to c̃0, thecorrectedeigencoef�cient d̃3 is givenby

d̃3 =
n

å
i= 1

ci � nc̃0:

where

c̃0 =
1
n

� (d3 � d̃3) + c0:

Restrictingthechangeof d3 to scalingby a yields

c̃0 =
1
n

� (d3 � ad3) + c0

=
1� a

n

 
n

å
i= 1

ci � nc0

!

+ c0

=
1� a

n

n

å
i= 1

ci + ac0:

This canbe written in a stencilwherea is computedasin
Section4, shown in Figure3.

PSfragreplacements

a

1� a
n

1� a
n

1� a
n

1� a
n

1� a
n

1� a
n

1� a
n

Figure3: Thestencilfor thecorrection.

So, the principal of the symmetrictechniquefor manip-
ulating the limit shapecanbesummarizedin the following
procedure:

1. Subdivide theinitial control-netonce.
2. Calculatetheeigencoef�cients d3; d4; d5 anddecidewith

theshapechart,if a hybridshapewill occur.
3. If avertex generatesahybridshape,computea asin Sec-

tion 4 andusethecorrectionstencilin Figure3.
4. Subdivide with theboundedcurvaturevariantof Loop's

algorithmof Section3 without furthercorrection.

Remark 2 The initial subdivision step is necessary, since
valid eigencoef�cients d3; d4; d5 for Loop's algorithmand
its modi�ed variantcanonly be calculatedwith a one-ring
neighborhoodof regularverticesaroundanirregularvertex.
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Thefastestpossiblecorrectionis to seta = 0 andthusto
completelyeliminateall elliptic componentsby onesingle
correction.Soonly hyperbolicshapescanbegenerated.

To decreasethedistancebetweentheoriginalandthecor-
rectedsurfacethe correctioncan be slowed down. There-
fore, it is possibleto choosein the stencil of Figure 3 a
�x a > 1 for convergencetowardsanelliptic shapeor a �x
a < 1 for convergencetowardsa hyperbolicshape.Thena
�nite numberof subdivision andcorrectionsteps,i.e. iter-
ating 1: � 3: in the above procedure,is usedto achieve a
non-hybridshape.

Examplesfor thisareshown in Figures4, 5, 6 and7. Two
hybrid surfacesandtheir control-netareshown in Figures4
and5. For thevisualizationof thesurfacethecontrol-netis
subdivided7 timesandshown �at-shaded.A visualizationof
theGausscurvaturefor differentcorrectionsappliedto these
control-netsis shown in Figures6 and7. The control-nets
aresubdivided10 timesandconvertedto Bézierrepresenta-
tion to computethe GausscurvatureK, which is converted
to thecolor H= 120(1� arctan(K)=2p), S= 1 andV= 1 in
the HSV color model.Here,differencescanbe clearly ob-
served.Thedifferentchoicesof a show how fasttheelliptic
componentis blendedout by the additionalscalingof d3.
A choiceof a closeto oneimposesa smallerchangeto the
surface,but requiresmoresubdivision andcorrectionsteps
to achieve non-hybridshape.Picturesof the corresponding
shadedsurfacesshow no visibledifference.

Figure4: A control-netwith a 5-valentvertex andthecorre-
spondinghybrid surfacesgeneratedby theboundedcurva-
ture variant of Loop's algorithm.

Remark 3 Thesamecorrectionstencilcanbeappliedto the
usualalgorithmof Loop with b chosensuchthatµb = µ2 =
µn� 2 resulting in zero Gausscurvature for valence5 and
strictly positive or strictly negative unboundedcurvaturefor
valences� 7.

Remark 4 For the Catmull-Clarkalgorithm d1;d2;d4 and
d5 alsodonotdependontheextraordinaryvertex. Therefore

Figure5: A control-netwith a 15-valentvertex andthecor-
respondinghybrid surfacesgeneratedby the boundedcur-
vature variant of Loop's algorithm.

asimilarcorrectionstencildependingontheone-ringneigh-
borhoodaroundthe extraordinaryvertex canbe derived to
controld3.

This approachonly modi�es thepositionof the irregular
vertex. This meansit is very local anddoesnot give much
control over the behavior of the surfaceaway from the ex-
traordinarypoint. To make the changeslesslocal andgain
morecontrolover theglobalshapeit is necessaryto control
all sub-dominanteigencoef�cients and at leastto incorpo-
rate the one-ringneighborhoodof the irregular vertex into
themodi�cation.

6. Manipulating the limit shapeby local optimization

Recallthatthecoef�cients dk; k = 1; : : : ;5; canbecalculated
with helpof thecorrespondingleft eigenvectorswk andde-
pendonly on the centralvertex c0 andthe one-ringneigh-
borhoodc1; : : :; cn. Let wk;i bethei-th componentof wk cor-
respondingto thecontrol-pointci . Thenthecalculationof dk
canbewrittenas

dk =
n

å
i= 0

wk;i � ci ;

or in a matrix-vectornotation

L � c = d

with L = [wk;i ]k= 0;:::;5, c = [c0 : : :cn]T andd = [d0 : : :d5]T .
Regardingthis asa systemof equationswith givenmatrix L
andright handsided the systemhasan exact solution for
valence5 andis under-determinedfor valencesn > 5.

In casea given setof coef�cients dk representsa hybrid
shape,we changed3, d4 andd5 to

d0
3 = d3 + k3 � n;

d0
4 = d4 + k4 � n;

d0
5 = d5 + k5 � n

such that the new componentsin normal direction a0
3 =

hd0
3;ni , a0

4 = hd0
4;ni anda0

5 = hd0
5;ni generateanon-hybrid

surface.Thescalarfactorsk3, k4 andk5 aredeterminedasin
Section4. Notethatthechangeof d3, d4 andd5 is restricted
to normal components.Tangentialcomponentswould not
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Figure6: Visualizationof theGausscurvature of theuncor-
rectedhybridsurface(top)ofFigure4, thesurfacegenerated
with slowcorrectionto a hyperbolicshapewith a = 0:95 in
everystep(middle)andthesurfacegeneratedwith fastcor-
rection to a hyperbolicshapewith a = 0:0 (bottom).The
right columnshowsthe correspondingzoom-inat the ex-
traordinary pointsafter 10subdivisionsteps.

changethecorrespondingcentralsurfaceandthescalarfac-
torsk3, k4 andk5, but areomittedherefor simplicity.

Now, thesystemof equationsis changedto L�c0= d0with
d0 = [d0;d1;d2;d0

3;d0
4;d0

5]. We arenow looking for a solu-
tion to this systemof equationssuchthat the new control-
points c0 have minimal distanceto the original control-
points.This is achieved for the solution c0 that minimizes
khk with h := c0� c. Thus,we have to solve

L � c0= L � (h + c) = d0

for h. If L+ is theMoore-Penroseinverseof L, thesolution
h hasminimalnormif

h = L+ (d0� L � c):

This is equivalentto

c0= c+ L+ (d0� L � c):
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Figure7: Visualizationof theGausscurvature of theuncor-
rectedhybrid surface(top) of Figure 5 andthesurfacegen-
eratedwith correctionto an elliptic shapewith a = 1:2 in
the�r st threestepsandnocorrectionin thesubsequentsteps
(bottom).Theright columnshowsthecorrespondingzoom-
in at theextraordinary pointsafter 10subdivisionsteps.

Sowe geta setof control-pointsc0 which solve thesystem
L � c0= d0andminimizeå i jj c

0
i � ci jj

2.

If we replacethe original control-pointsc with the new
control-pointsc0 subdivision will resultin a surfacethathas
thesamelimit pointd0, thesamedirectionsd1 andd2 span-
ning thetangentplane,but avoidshybrid shapes.

Figures8 and 9 show the resultsof applying this opti-
mizationtechnique.Thecolorcodingandtheshadingof the
surfaceis thesameasin Section5.

Theeigencoef�cients of thenew control-netshows a sig-
ni�cant changeof eigencoef�cients of eigenvaluessmaller
thanµi , i = 0;2;n � 2. Incorporatingalso theseeigencoef-
�cients to the systemof equationsavoids this and shifts
the changeto eigenvaluesof magnitude0 of Fourier index
0;2;n� 2. This extendsthein�uence to thetwo-ring neigh-
borhoodbut givesmorecontrolover theshapeof theresult-
ing surface. It might be necessaryto subdivide the initial
control-netonemoretime to separatethe irregular vertices
for thisextension.Figure10shows thegreaterimpactonthe
overall shape.It is evenvisible in theimagesof thecontrol-
netsandtheshadedsurfaces.Notethatthecorrectionk4, k5
is thesameasin Figure8.

Remark 5 Similar to thechangeof d3, d4 andd5 a change
of d0 to d0

0 and d1 to d0
1 = a1d1 + b1d2 and d2 to d0

2 =
a2d1 + b2d2 doesnot changethenormaln, which is essen-
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Figure8: Control-net,�at-shadedsurfaceandvisualizationof theGausscurvature of thesurfacecorrespondingto thesurface
in Figure 4 correctedto an elliptic shapeusingk3 = 0:12;k4 = k5 = 0 (top) and to a hyperbolicshapeusingk3 = 0;k4 =
k5 = 0:12 (bottom).Theright columnshowsthezoom-inat theextraordinary pointsafter 10 subdivisionsteps.Compare with
thecontrol-netand�at-shadedsurfacein Figure 4 andthevisualizationof theGausscurvature in Figure 6 (top)of thesurface
with hybrid shape.

tial for settingup thecentralsurface.Thesedegreesof free-
domcouldalsoimprove khk, but areunusedhere.

Remark 6 Thistechniqueonlyworksif irregularverticesare
suf�ciently far away from eachother, so that changingpo-
sitionsin theone-ringneighborhoodonly affectstheeigen-
coef�cients of oneirregularvertex. This canbeachievedby
subdividing theinitial control-nettwice.

Remark 7 Theproposedtechniqueis similar to theinterpo-
lation problemin [HKD93]. Thedifferenceis thatnot only
thepositionof thelimit point,but alsotangentdirectionsand
quadraticbehavior areinterpolated.

7. Conclusion

Wehavepresentedamodi�ed subdivisionalgorithmthatcan
producesurfaceswith arbitrary positive or negative Gauss
curvature.Occurrenceof hybrid shapesis avoidedby modi-
fying theeigencoef�cients. Thesymmetricmodi�cation in-
ducesonly minimal changesto theshapeandthereforesuits
applicationsin which the modi�ed surfaceshoulddiffer as
little aspossiblefrom theoriginal surface.If it is necessary
to controlthepositionof thelimit pointcorrespondingto the
extraordinaryvertex, for examplefor an interpolationprob-
lem, it is usefulto apply theone-ringneighborhoodvariant
of thelocaloptimization.If theshapeof theoriginal surface
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Figure9: Control-net,�at-shadedsurfaceandvisualizationof theGausscurvature of thesurfacecorrespondingto thesurface
in Figure5 correctedto anelliptic shapeusingk3 = 0:02;k4 = k5 = 0. Theright columnshowsthezoom-inat theextraordinary
point after 10 subdivisionsteps.Compare with thecontrol-netand�at-shadedsurfacein Figure 5 andthevisualizationof the
Gausscurvature in Figure 7 (top)of thesurfacewith hybrid shape.

seemsunsatisfactoryandmuchcontrolovertheshapeshould
beachieved,theextensionto thetwo-ringneighborhoodis a
goodchoice.

Therearethreeopenquestionsthatwe will addressin the
future.The�rst is thetreatmentof specialcasesfor example
when two irregular verticesin�uence eachother. The sec-
ondis to incorporatetheunuseddegreesof freedomfor the
changeof the eigencoef�cients in Section6 into the opti-
mizationprocessandthe third is to quantifyhow muchthe
modi�ed surfacesdiffer from thesurfacegeneratedfrom the
unmodi�ed initial control-net.
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