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Abstract

In this paperthe problemof curvatue behavioraroundextraordinary pointsof a Loop subdivisionsurfaceis ad-
dressedA variant of Loop's algorithmwith smallstencilsis usedthat geneatessurfaceswith boundeccurvatue
and prescribedelliptic or hyperbolicbehavior We presenttwo different techniquesthat avoid the occurenceof
hybrid con gurations,sothatan elliptic or hyperbolicshapecanbe guaranteed.

The r sttechniqueusesa symmetriamodi cation of theinitial contol-netto avoid hybrid shapesn the vicinity
of an extraordinary point. To keepthe differencebetweerthe original andthe modi ed meshassmallaspossible
the changesare formulatedas correctionstencilsand spreadto a nite numberof subdivisionsteps.Thesecond
techniqueis basedonlocal optimizationin thefrequencydomain.lt providesmore degreesof freedomandsomore

contmol over the global shape

1. Intr oduction

Tuning hasalways beenpart of developing subdvision al-

gorithms. Already the rst publicationsdealingwith sub-
division algorithmsfor surfacesof arbitrary topology use
the free parameterof the algorithmsto improve the limit

shapee.g.[CC78L0087. Latermodi cations of theeigen-
valuesin the frequeng domainwere usedto achie/e sur

faceswith zeroor boundedGausscunatureat the extraordi-
nary points [Sab91 Hol95, PU98kh PU98a L0002 Loo03.

Since then, various sufcient conditionson the sub- and
subsub-dominargigervalueswere formulatedto minimize
polarartifactsor to ensuretheability to generatéothelliptic

andhyperbolicshape$SB03 PR04. Also conditionsonthe
eigenfunctionsare known that are necessaryo achiese ck

smoothnesat extraordinarypoints [Pra98. Basedon this
more sophisticatedapproachesvere developedthat mod-
ify the eigevectorsto approximatetheseconditionsin or-

derto achieve optimizedcurvaturebehaior atextraordinary
points[BKO4].

Whenjudging the behaior of the cunaturenearextraor
dinary pointstherearetwo aspectgo dealwith. The rst is
to ensureboundeccunatureandthe seconds to avoid gen-
erationof so-calledhybrid shapeswhereneitherthe ellip-
tic nor hyperboliccomponentd®ecomedominantduringthe
subdvision processThesepointswith hybrid shapeareone
reasorwhy subdvision surfacesarenotwidely usedin CAD
applicationgo construchighquality surfacedKPR04. Fur-
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thermorethereis no simplemethodfor a designetto tell if
pointswith hybrid shapewill occur Soit is necessaryo de-
tect thesepoints and decidefrom the control-netswithout
userinteractionif the hybrid shapeshouldbe correctedto
anelliptic or hyperbolicshape.

Onetechniqueto improve the cunaturebehaior hasre-
centlybeenpresentedh [ADS05ADSO0€, whereabounded
cunature subdvision algorithmwas combinedwith an ei-
genwaluetuning minimizing thevariationof cunaturein the
so-calledshapecharts.Though,this reduceghe numberof
hybrid shapest doesnot guarantee prescribecelliptic or
hyperbolicshapeat the extraordinarypoints. Our goalis to
guaranteehatno hybrid shapesare generatedWe split the
probleminto eigervaluetuningto guarantedoundedccuna-
turebehaior andtuningof theeigencoetients of thegiven
input control-netto ensurepurely elliptic or hyperboliccur-
vaturein thevicinity of anextraordinarypoint.

After recallingthe basicprinciplesof analyzingsubdvi-
sionalgorithmsandgiving sufcient conditionsonthe mod-
i ed algorithmsin Section2, we proceedwith presentinga
boundedcunature algorithm by eigemvalue tuning in Sec-
tion 3. In Section4 we proposea methodto decidewhether
to correctthe pointswith hybrid shapeto either elliptic or
hyperbolicshape After that two techniquedor tuning the
eigencoetients of control-netsarepresentedn Sectionss
andé, followedby theconclusiorandopenproblemsn Sec-
tion 7.
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2. Analyzing subdivision algorithms

We considera subdvision surface,which is generatedy a
stationarylinearandsymmetricsubdvision algorithmgen-
eralizingbox- or b-splinesubdvision. This allows the useof
the standardanalysigechniques.

Thesubdvision surfacein thevicinity of anextraordinary
pointof ordern correspondindo anirregularity in theinitial
meshof ordern canberegardedastheunionof theextraordi-
nary pointm anda sequencef splineringsxm. Eachspline
ring is representeds a linear combinationof real valued

Combiningthe functionsin arow vectorj andthe control-
pointsin a columnyvector Bm, the m-th splinering canbe
written asxm = j Bm. The sequencef control-pointsBm
is generatedy iteratedapplicationof a squaresubdvision
matrix A to theinitial dataBg

Bm= A"By:
Thisyieldsfor thesplineringsxm
xm= j A™By:

Assumethat the subdvision matrix A haseigemwaluesl o;

i e withjl g jl Lj correspondingo right eigen-
vectors vp;:::;vp and linear independenteigenfunctions
yi := j v; for non-anishingeigewvalues.Thus, xm is rep-
resenteds
L
xm= & 1{yid;; di2 R%
i=0

Forasymmetricsubdvisionalgorithmtheblock-circulant
matrix A canbetransformedo asimilar block-diagonama-
trix A with diagonalblocks A by a discreteblock-Fourier
transformatiort-

TheFourier index of aneigervaluen of A is de ned as
F(n) := fk2 Zn: nis eigevalueof Ag:

Then,the following conditionsare sufcient for the subdi-
vision algorithmto generateegular surfaceswith continu-
ousnormalandboundedGausscurvatureof arbitrarysign,
see[RP04:

1. All rowsof Asumtoone,i.e.l g= 1> jl 4j.
2. Thesub-dominantigervaluel is positive andhasalge-
braicandgeometricmultiplicity two, i.e.

F=1T1=12>jl3);

andthecharacteristienapy := (y 1;Y 2) isinjectiveand
regular
3. Thesubsub-dominargigevaluep satis esp
4. Thesubsub-dominargigevaluep is positive andhasal-
gebraicandgeometrianultiplicity three,i.e.

:|2

Hi=1lz=14=15>jlgj;

with Fourierindex 0,2 andn 2.

The rst condition ensurescorvergence, the secondC?-
regularity, thethird boundecturvatureandthefourth allows
for arbitraryelliptic or hyperbolicshapesUnfortunatelythe
standardalgorithmsdo not satisfy theseconditions. They
have to bemodi ed to ful Il all criteria.

To analyzecurvatureof subdvision surfacesin morede-
tail we follow [PRO0O4. Let L be the matrix that orthonor
malizesthetangentdirectionsd; andd,. Thesplinering xc¢
de ned by

5
Xc:= (Yey) with Y¢:= YL andy := é yihdi;ni
i=3

is calledthe central surfaceof the subdvision surface.lt de-
pendson theinitial dataandprovidesatool for judgingthe
behaior of the cunaturearoundextraordinarypointsa pri-
ori. If K¢ denoteghe Gausscurvatureof the centralsurface
Xc, the shapeat the extraordinarypoint m for genericinitial
control-netsBg canbe catgyorizedas

elliptic in thelimit, if K¢ > 0,
hyperbolicin thelimit, if Kc < 0, and
hybrid, if K¢ changesign.

Even with condition 4. extraordinarypoints with a hybrid
shapecanoccur seeg[KPR04.

3. A boundedcurvature variant of Loop's algorithm

Loop's algorithm[Loo87] is a subdvision algorithmfor tri-
angularcontrol-netswith verticesof arbitraryvalencen 5.
It is corvenientlydescribedy its stencilswhich areshavn
in Figuresl1(a) and 1(b). This subdvision algorithm satis-
es conditions1. and2. but not 3. and4. of Section2. The
relevanteigervaluesfor theseconditionsare

o = 58 nb and
M = 3=8+ ¢=n; i=1::5n 1
with ¢ := cog2pi=n) for an n-valent vertex. Note that

landp; = Py 1> pjforjé
1;n 1if bisappropriatelychosen.

To satisfy condition 4. a triple subsub-dominangigen-
valueg = o = Uy 2 with Fourierindices0, 2 andn 2
canbe achieved by an appropriatechoiceof the parameter
b, see[KPR04. However, this subdvision algorithm still
generatesurfaceswith unboundeaunature.To satisfyalso
condition3. we usethetechniquan [PU98aPU98H.

to {j suchthat
=+ dj= 1
gj:uj+dj<p§ forj=3;::5n 3
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Onepossiblechoicefor dj is

hi=dh 2:= 1 o and

dj == 1=16 forj=3;::5;n 3
Usingtheadditionalstencilin Figure1(c) with
n 2
g= fi+ - a djcj; i=0::;n 1,
j=2
and
8 )
< 3=8 ;fori=0
;fori=1Ln 1

fi= 18
-0 cfori=2::0;n 2
condition3. canbe satis ed without affecting conditions1.
and?2. The additionalstencilin Figure 1(c) is only usedon
edgesemanatingrom anirregular vertex. For all the other
verticesthe usual stencilsof Loop's algorithmin Figures
1(a)and1(b) areused.For the stencilin Figure1(b) to sat-
isfy condition4. the parameteb mustbesetto

_ 31 12 4c2,

- 64n '
Thus,thesestencilsrepresent variantof Loop's algorithm
thatgenerate€!-regular surfaceswith boundedGausscur-
vatureof possiblyarbitrarysign.

b

4. Analyzing and categorizingthe initial control-net

To visualizethepotentialshapes subdvision algorithmcan
generateKarciauscat al. [KPR04 proposethe so-called
shapecharts.If the subdvision matrix hasa triple subsub-
dominanteigervalue with Fourierindex 0, 2 andn 2 the
third coordinatefunctiony of the centralsurfacexc canbe
writtenas

5
y = & yjhdj;ni =:agys+ asy 4+ asys:
j=3

Here,n is the surfacenormalat m anda;j := hdj;ni is the
normal componentof the eigencoetient d;j of the initial
control-netBg. In orderto represenall possibleshapesat-
egorizedby the behaior of Kc the coefcients a; canbe
interpretedasbarycentriccoordinatesThebarycentriaccoor
dinates(1; 0; 0) representheelliptic shapewith K¢ > 0 and
the barycentriccoordinateg0; 1;0) and (0;0; 1) represent
thehyperbolicshapeawith K¢ < 0. Now, for every (az; as; as)
thepointin thetrianglecanbecoloredaccordingo its shape
catgyory wherered encodeslliptic, greenhybrid and blue
hyperbolicshapesThis imageis the so-calledshapechart.
This concepttaneasilybetransferredo shapechartsin po-
lar coordinateg ADS05, which will be usedin this paper
Examplesof shapechartsfor the boundedcunaturevariant
of Loop's algorithmof Section3 areshavn in Figure2.

In orderto control the cunature of the subdvision sur
face at the extraordinarypoint the hybrid shapesmustbe
correctedto eitherelliptic or hyperbolicshapesTherefore,
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(a) Thestencilof Loop's algo-
rithm for edge-points.

(b) Thestencilof Loop's algo-
rithm for vertex-points of va-
lencen.

(c) The additional stencil of the boundedcur-
vature variant of Loop's algorithm for edge-
pointsneara vertex of valencen.

Figure 1: Stencilsof Loop's algorithm ((a) and (b)) andits
boundecturvatue variant ((a), (b) and(c)).

it is necessaryo decidewhatthe desiredshapeis which is
representedly theinitial control-netBg. Thisrequiresapro-
cedureto nd theclosestnon-hybridcon guration.

If the subdvision surfacecorrespondingo Bg hasa hy-
brid shapehereareseveraltechniquesor this decision:

1. Calculatefor the pixel in the shapechartcorresponding
to B thecloseston-hybridpixel.

2. Calculatethe cunatureof a quadratideastsquarest to
theone-ringneighborhooaf theirregularvertex in Bg.

3. Calculatethe cunatureof a quadratideastsquarest to
thecentralsurfaceof By.

For the rst techniquean appropriate2D distancefunction
onthe pixels of the shapechartis necessaryThe advantage
is that this is computationallysimple and fastif the shape
charthasbeencalculateda priori. The disadwantageis that
theaccurag is limited by theresolutionof the shapechart.

The othertwo techniquesocus on estimatingthe aver
agequadraticbehaior of the surface.Thenthe sign of the
Gaussiarcunatureof the quadratict indicatesthe desired
shape The secondtechniquefocuseson the averageglobal
guadraticbehaior whereaghe third tries to reproducethe
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Figure 2: Shapechartsin polar coodinatesfor thebounded
curvatue variant of Loop's algorithm of Section3 for va-

lencess, 6, 7 and 15. Redencodelliptic, greenhybrid and
blue hyperbolicshapes.

averagequadraticbehaior in the vicinity of the extraordi-
nary point. Both techniqueslo not give a speci ¢ choiceof
ds; dg; ds to guarantee non-hybridshapeln combination
with the rst techniquethey give a searchdirectionin the
shapechartfor a non-hybridpixel.

Remark 1 Thetuningmethodin Section3 changesheright
eigemvectorsv, andvy, 2 correspondingo [ and gy 2.
This mustbe consideredor the shapechartanalysis.

5. A symmetric techniqueto manipulate the limit shape

A symmetricapproacho controlthe shapen thevicinity of
an extraordinarypoint is basedon the obsenation that for
Loop's algorithmchanginghe positionof the centralvertex
only affectsthe limit point dy andthe coefcient d3z con-
tributing to the elliptic componentf the centralsurface.
Thedirectionsd; andd, spanninghetangentplaneaswell
asd4 andds de ning the hyperboliccomponentsf thecen-
tral surface are unchangedThis is becauseof the special
structureof theleft eigervectors.In caseds, d4 andds rep-
resenta hybrid shapewe modify the positionof the central

vertex suchthatds, d4 andds guarante@non-hybridshape.

Assumethattheleft eigervectorswy correspondingo dy
are scaledsuchthat wyvk = 1 andthat the componentof

around an irregular vertex co are equal to one. For the
boundedcurvaturevariantof Loop's algorithmof Section3
this choiceis possible Thenthe eigencoetient dy is com-

putedas

dix = wy [co;::icn); k= 0;:::;5:

Fork= 3theleft eigevectorws is of theformof [n; 1;:::; 1]
whichyieldsfor d3

n
ds= & ¢ nco
i=1

In orderto changeds to ds by changingonly theirregular
vertex ¢y to o, the correcteceigencoetient ds is givenby

~ 2
d3= C

G nco:
1

where
o 1 ~
=, (ds dag)+ o

Restrictingthe changeof d3 to scalingby a yields

1
(d3 ads)+co
!

n
1 a &
= == &a no +o
n =1
1 ag .
= ——4oa+ax

i=1

This canbe written in a stencilwherea is computedasin

Sectiord, shawvn in Figure3.
1a

Figure 3: Thestencilfor the correction.

So, the principal of the symmetrictechniquefor manip-
ulating the limit shapecanbe summarizedn the following
procedure:

1. Subdvide theinitial control-netonce.

2. Calculateheeigencoetients d3; d4; ds anddecidewith
theshapechart,if ahybrid shapewill occur

3. If avertex generateahybrid shapecomputea asin Sec-
tion 4 andusethe correctionstencilin Figure3.

4. Subdvide with the boundedcurvaturevariantof Loop's
algorithmof Section3 without furthercorrection.

Remark 2 The initial subdvision stepis necessarysince
valid eigencoetients ds; ds; ds for Loop's algorithmand
its modi ed variantcanonly be calculatedwith a one-ring
neighborhooaf regularverticesaroundanirregularvertex.
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Thefastespossiblecorrectionis to seta = 0 andthusto
completelyeliminateall elliptic componentsy onesingle
correction.Soonly hyperbolicshapesanbegenerated.

To decreas¢hedistancebetweertheoriginal andthecor
rectedsurfacethe correctioncan be slowed dowvn. There-
fore, it is possibleto choosein the stencil of Figure 3 a
x a > 1for corvergencetowardsanelliptic shapeor a x
a < 1 for convergencetowardsa hyperbolicshape Thena

nite numberof subdvision and correctionsteps,i.e. iter-
ating 1:  3: in the above procedurejs usedto achieve a
non-hybridshape.

Exampledor thisareshawvn in Figures4, 5, 6 and7. Two
hybrid surfacesandtheir control-netareshavn in Figures4
and>5. For the visualizationof the surfacethe control-netis
subdvided7 timesandshavn at-shaded A visualizationof
the Gausscunaturefor differentcorrectionsappliedto these
control-netsis shawn in Figures6 and 7. The control-nets
aresubdvided 10 timesandcorvertedto Bézierrepresenta-
tion to computethe GausscunatureK, which is corverted
tothecolorH= 1201 arctarfK)=2p), S= 1andV= 1in
the HSV color model. Here, differencescanbe clearly ob-
sened. Thedifferentchoicesof a shav how fasttheelliptic
components blendedout by the additionalscalingof ds.
A choiceof a closeto oneimposesa smallerchangeto the
surface,but requiresmore subdvision and correctionsteps
to achieve non-hybridshape Picturesof the corresponding
shadedsurfacesshav no visible difference.

s

_

Figure4: A contol-netwith a 5-valentvertex andthecorre-
spondinghybrid surfacesgeneated by the boundedcurva-
ture variant of Loop's algorithm.

Remark 3 The samecorrectionstencilcanbe appliedto the
usualalgorithmof Loop with b chosersuchthatpy, = pp =
Hn 2 resultingin zero Gausscurvature for valence5 and
strictly positive or strictly negative unboundedtunaturefor
valences 7.

Remark 4 For the Catmull-Clarkalgorithmds; d»; d4 and
ds alsodonotdependntheextraordinaryertex. Therefore
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Figure5: A control-netwith a 15-valentvertex andthe cor-
respondinghybrid surfacesgenerated by the boundedcur-
vature variant of Loop's algorithm.

asimilar correctionstencildependingpntheone-ringneigh-
borhoodaroundthe extraordinaryvertex canbe derived to
controlds.

This approachonly modi es the positionof theirregular
vertex. This meansit is very local and doesnot give much
control over the behaior of the surfaceaway from the ex-
traordinarypoint. To make the changedesslocal andgain
morecontrolover the globalshapat is necessaryo control
all sub-dominaneigencoetients and at leastto incorpo-
rate the one-ringneighborhoodf the irregular vertex into
themodi cation.

6. Manipulating the limit shapeby local optimization

Recallthatthecoefcients di; k= 1;:::;5; canbecalculated
with help of the correspondindeft eigervectorswy andde-
pendonly on the centralvertex ¢y andthe one-ringneigh-

respondindo thecontrol-pointc;. Thenthecalculationof dy
canbewrittenas

n
de= & Wi Gi;
i=0
or in amatrix-vectornotation
Lc=d

Regardingthis asa systemof equationswith given matrix L
andright handsided the systemhasan exact solution for
valenceb andis underdeterminedor valences1 > 5.

In casea given setof coefcients dy represents hybrid
shapewe changeds, d4 andds to

dg = dz+ ks n;

dg = dg+ kg n;

dg = d5+ k5 n
such that the nev componentsin normal direction a3 =
hdd; ni, a3 = hd9; ni anda = hd2; ni generatexnon-hybrid
surface. Thescalarfactorsks, k4 andks aredeterminedasin

Sectiord. Notethatthe changeof d3, d4 andds is restricted
to normal componentsTangentialcomponentsvould not
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elliptic hyperbolic

Figure 6: Visualizationof the Gausscurvatue of the uncor
rectedhybrid surface(top) of Figure 4, thesurfacegeneated
with slowcorrectionto a hyperbolicshapewith a = 0:95in
every step(middle)andthe surfacegeneatedwith fastcor-
rectionto a hyperbolicshapewith a = 0:0 (bottom).The
right column showsthe correspondingzoom-inat the ex-
traordinary pointsafter 10 subdivisionsteps.

changehe correspondingentralsurfaceandthe scalarfac-
torsks, kg andks, but areomittedherefor simplicity.

Now, thesystenof equationss changedo L c®= d®with
d®= [do; dy;d2;d3; d3; d2]. We arenow looking for a solu-
tion to this systemof equationssuchthat the nev control-
points c® have minimal distanceto the original control-
points. This is achieved for the solution c® that minimizes
khk with h:= ¢® c¢. Thus,we have to solve

L=L (h+c=d°

for h. If L* is the Moore-Penrosénverseof L, the solution
h hasminimal normif

h=L"d® L o:
Thisis equivalentto

FP=c+ L7 L o:

p

elliptic

e

parabolic

hyperbolic

Figure 7: Misualizationof the Gausscurvatue of theuncor
rectedhybrid surface(top) of Figure 5 andthe surfacegen-
eratedwith correctionto an elliptic shapewith a = 1:2 in
the r stthreestepsandno correctionin thesubsequergteps
(bottom).Theright columnshowsthe correspondingzoom-
in at theextraordinary pointsafter 10 subdivisionsteps.

Sowe geta setof control-pointsc® which solve the system
L ®= d%andminimized;jjc® cjj°.

If we replacethe original control-pointsc with the new
control-pointsc® subdiision will resultin asurfacethathas
thesamdimit pointdp, the samedirectionsd; andd; span-
ning thetangentplane,but avoidshybrid shapes.

Figures8 and 9 shaw the resultsof applying this opti-
mizationtechniqueThe color codingandthe shadingof the
surfaceis the sameasin Section5.

Theeigencoetients of thenew control-netshaws a sig-
ni cant changeof eigencoetients of eigervaluessmaller
thany;, i = 0;2;n 2. Incorporatingalso theseeigencoef-
cients to the systemof equationsavoids this and shifts
the changeto eigevaluesof magnitude0 of Fourier index
0;2;n 2. Thisextendsthein uence to thetwo-ring neigh-
borhoodbut givesmorecontrol over the shapeof the result-
ing surface. It might be necessaryo subdvide the initial
control-netone moretime to separatehe irregular vertices
for this extension Figure10 shavs thegreatetimpactonthe
overall shapelt is evenvisible in theimagesof the control-
netsandthe shadedsurfaces Notethatthe correctionk 4, ks
is the sameasin Figure8.

Remark 5 Similar to the changeof d3, d4 andds a change
of do to d3 andd; to d9 = a;d; + byd, andd, to dJ =
aod; + bod, doesnotchangethe normaln, whichis essen-
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elliptic
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Figure 8: Contol-net, at-shadedsurfaceandvisualizationof the Gausscurvatue of the surfacecorrespondingo the surface
in Figure 4 correctedto an elliptic shapeusingks = 0:12 k4 = ks = 0 (top) and to a hyperbolicshapeusingks = 0;k4 =
ks = 0:12 (bottom).Theright columnshowsthe zoom-inat the extraordinary pointsafter 10 subdivisionsteps. Compae with
thecontol-netand at-shadedsurfacein Figure 4 andthe visualizationof the Gausscurvatue in Figure 6 (top) of the surface

with hybrid shape

tial for settingup the centralsurface.Thesedegreesof free-
domcouldalsoimprove khk, but areunusechere.

Remark 6 Thistechniqueonly worksif irregularverticesare
sufciently far away from eachother so that changingpo-
sitionsin the one-ringneighborhoodnly affectsthe eigen-
coefcients of oneirregularvertex. This canbe achieved by
subdviding theinitial control-nettwice.

Remark 7 The proposedechniquds similar to theinterpo-
lation problemin [HKD93]. The differenceis thatnot only
thepositionof thelimit point, but alsotangentdirectionsand
quadraticdbehaior areinterpolated.
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7. Conclusion

We have presenteédimodi ed subdvisionalgorithmthatcan
producesurfaceswith arbitrary positive or negative Gauss
cunature.Occurrencesf hybrid shapess avoidedby modi-
fying the eigencoetients. The symmetricmodi cation in-
ducesonly minimal changedo the shapeandthereforesuits
applicationsin which the modi ed surfaceshoulddiffer as
little aspossiblefrom the original surface.If it is necessary
to controlthepositionof thelimit pointcorrespondingo the
extraordinaryvertex, for examplefor aninterpolationprob-
lem, it is usefulto apply the one-ringneighborhoodrariant
of thelocal optimization.If the shapeof theoriginal surface
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Figure 9: Contwol-net, at-shadedsurfaceandvisualizationof the Gausscurvatue of the surfacecorrespondingo the surface
in Figure 5 correctedto anelliptic shapeusingksz = 0:02 k4 = ks = 0. Theright columnshowshezoom-inat theextraordinary
point after 10 subdivisionsteps. Compae with the contol-netand at-shadedsurfacein Figure 5 andthe visualizationof the
Gausscurvatue in Figure 7 (top) of the surfacewith hybrid shape

seemainsatiséctoryandmuchcontrolovertheshapeshould
beachieved, the extensionto thetwo-ring neighborhoods a
goodchoice.

Therearethreeopenquestionghatwe will addressn the
future.The rst is thetreatmenbf specialcasegor example
whentwo irregular verticesin uence eachother The sec-
ondis to incorporatethe unuseddegreesof freedomfor the
changeof the eigencoetients in Section6 into the opti-
mizationprocessandthe third is to quantify how muchthe
modi ed surfaceddiffer from thesurfacegeneratedrom the
unmodi ed initial control-net.
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