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Abstract

By explicitly deriving the curvatureof subdivision surfacesin the extraordinarypoints,we give an
alternative,moredirectaccountof thecriterianecessaryandsufficient for achieving curvaturecontinuity
thanearlierapproachesthatlocally parametrizethesurfaceby eigenfunctions.

Theapproachallows us to rederive andthussurvey the importantlower boundresultson piecewise
polynomialsubdivision surfacesby Prautzsch,Reif, SabinandZorin, aswell asexplain the beautyof
curvaturecontinuousconstructionslike Prautzsch’s. The parametrizationneutralperspective givesalso
additionalinsightsinto theinherentconstraintsandstiffnessof subdivision surfaces.

1 Introduction

Almostall subdivisionalgorithmsin thecurrentliteratureachievetangentcontinuitybut notcurvatureconti-
nuity. Wegiveasimplecharacterizationof thecausesunderlyingthisphenomenonby explicitly expressing
Gaussianandmeancurvaturein theminimally smoothextraordinarypoints.This allowsusto rederiveand
therebysurvey theimportantlower boundresultsof [Sabin’91, Reif ’96, Zorin ’98, Prautzsch& Reif ’99]
andconstructionsfor curvaturecontinuouspiecewisepolynomialsubdivisionalgorithmsby [Prautzsch’97,
Prautzsch& Umlauf ’98b, Reif ’98b]. Beyondthis we getadditionalinsightsinto the inherentconstraints
andstiffnessof suchsubdivision algorithms.Sincea subdivision surfaceconsistsof an infinite collection
of polynomialpiecesaroundevery extraordinarypoint onemight expectsuchsurfacesto bemoreflexible
thansplinesurfaces.However, wewill seethattheinfinite applicationof thesamesubdivisionruleenforces
strict ruleson the piecewisepolynomialrings converging towardsextraordinarypoints. For example,the
Jacobianof the subdominanteigenfunctionsof a curvaturecontinuoussubdivision algorithm musthave
lowerdegreethantheJacobianof thesubdivisionsurfaceitself.

Thepaperis organizedasfollows. With thenotationof Section2, weexpressin eachsubdivisionstep�
thecurvaturesof theinnermostsplinering aroundagivenextraordinarypointas

�����	��

��������� ������ ���������
,

respectively, � � �	��

����� � �!���" �#�
�$�%�
for scalarconstants


'&(�
andrationalfunctions

�
. Thefactor



�����
immediatelyimplies necessaryconstraintson curvaturecontinuoussubdivision surfacesandthe weakest
form of curvaturesmoothness:theprincipalcurvaturesof piecewisepolynomial )+* subdivisionalgorithms
aresquareintegrable.Section4 derivesandreviewsnecessaryconstraintsonsubdivisionsurfacesto becur-
vaturecontinuousby observingthat

�
shouldbeconstantin thelimit andequatingthedegreeof numerator

anddenominatorof
�

at theextraordinarypoint. Section5 reviewsPrautzsch’ssufficient conditionandhis
uniqueconstructionof acurvaturecontinuous,linear, stationarysubdivisionalgorithmby projection.,
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2 Notation and basic facts

In thissectionwedefinejust thebasicnotationandfactsneededfor ouranalysis;for a formal,moregeneral
andabstractsetting,thereaderis referredto [Reif ’98a] and[Zorin ’98].

While our analysisappliesto a larger classof subdivision algorithms,we focus in the following on
generalizedbox-splinesubdivisionalgorithms, thatis onaffineinvariant,symmetric,linear, local,stationary
algorithmsthatgeneralizebox-splinesubdivisionandgenerate(regular) )+* surfaces.In particular, thelimit
surfacehasa piecewisepolynomialparametrizationandtheparametricsmoothnessbetweenthe piecesis
well-known exceptat a finite numberof extraordinarypoints. An extraordinarypoint is the limit point of
a minimal subnetof the initial control net underrepeatedapplicationof the subdivision algorithm. Such
a subnetconsistsof an . -valentvertex (for a primal subdivision algorithm)or an . -sidedfacet(for a dual
subdivisionalgorithm)andjust thoseneighboringcontrolpointsthatdetermineasurfacering /10 aroundan. -sidedholeby theregularbox-splinesubdivision rules(Figure1 left).

Figure1: Insertinga surfacering / � (light grey) into the hole left by / �32 * (darkgrey). / � consistsof4
imagesof 576(896 . Thevectorof controlpoints : �

of / � (circles)is obtainedby onesubdivision step
appliedto : �32 * (dots).

If we arrangethepointsof thesubnetinto thecolumnvector :+0 theneachsubdivisionsteptransforms
thesubnetby applyingthesamesquare,stochasticsubdivisionmatrix ; . After � applicationstheresultis
thesubnet : � � ; � :<0>=
The � th subdivision stepaddsthesurfacering / �?�#�
�$�%�

insidethehole left by the
� �A@CB � st subdivision

step(Figure1 right). Thesurfaceringsarebox-splinesandcanthereforeberepresentedas/ �ED�F�G � =H=I= � . @JBLK+MONJPRQ�S � / � �#�
�$�%�T�VUW�#�
�$�%� : � �
where

UW�#�
�$�%�
is the row vectorof the box-splinebasisfunctionsandthe domain N is either 576�8�6 or5>XY8ZX , with 6 theunit squareand X theunit triangle.

For simplicity weassumethat ; is diagonalizablewith eigenvaluesB �[� 0+\ � * ��� �] ^`_ ab
c d \ � S �V��ef����g] ^�_ ab
c h \jiIiHilk G �
suchthat

� * �m� � correspondto the B st and
� . @YB � st block,

� S �m��e
(for .A\Rn ) to the 5 nd and� . @ 5 � nd block and

��g
to the

G
th block of theFourierdecompositionof ; (c.f. [Peters& Reif ’98]). The

correspondingeigenvectorsaredenotedby oqp , i.e. ;9oqp �r� p#oqp for all s . For subdivision algorithmswith
moregeneralsubdivisionmatrices; thereaderis referredto [Reif ’98a, Zorin ’98].
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In termsof multiples t p of theeigenvectorsthesubnetcanbeexpressedas: � ��u p � �p oqp#tvp � tvpxw Q S =
Expandedin theeigenfunctiony p DqF G � =I=I= � . @(B�K?MzNEP{Q �H�#�
�$�%�}|P U~��������� oqp associatedwith oqp the
surfacering / � is of theform/ �}����������� u p � �p U~��������� o p t p � u p � �p y p ��������� t p =

A well-known factof differentialgeometry(seee.g.[Carmo’76]) is that for any regularsurfacepara-
metrization/ theGausscurvature

�
andthemeancurvature� are������������� � �����������1��������� @ � �#�
�$�%� ������������������������ @�� ��������� � �� ����������� � �#�
�$�%������������� @ 5 � ��������� � �#�
�$�%�q�����#�
�$�%�������������5 �#���#�
�$�%������������� @�� �#�
�$�%� � � � (1)

where/q� is thepartialderivativeof / ��������� with respectto
���� /q�7/1�� � � � /q��/1�� ���E� / � /1�� �� �V� /1�� � � � �[� /1�� � �����[� /1���� �

and
����� /q� M / � ���l� /q� M / � � is thenormal. Since / is assumedto beregular, thedenominatorsof (1),�+� @�� �9�	� /q� M / � �I� , arenonzeroandwe have� � ���`� � /q� � / � � /q��� � �l�`� � /q� � / � � / ��� � @ ���I� � /q� � / � � /q� � ���� /q� M / � � e �

� � ���`� � /q� � / � � /q��� �I� / � / � � � @ 5 ���I� � /q� � / � � /q� � �`� /q�%/ �� ��� ���I� � /q� � / � � / ��� �`� /q�%/ �� �5 � / � M / � � S =
3 Gauss curvature and mean curvature

In this section,we derive theGausscurvatureandthemeancurvatureof the limit surfacesof generalized
box-splinesubdivision algorithmsat extraordinarypoints. We expandeachof the surfacerings / � in
termsof the eigenfunctionsy p . This approachgoesbackat leastto [Reif ’93]. However, in contrastto
[Reif ’93] we do not analyzethecurvatureby parametrizingthelimit surfacelocally asa functionover the
subdominanteigenfunctionsy * and y � but rathercomputethecurvatureexpansionexplicitly. That is, we
determinethecurvatures

� � ���������
and � � ���������

of / � ���������
andthentake thelimit as ��P�� .

For simplicity we write / insteadof / � in thefollowing. Sincethebasisfunctionsform a partitionof
unity, y 03  B and/ � �[� �j¡ y *� t * � y �� t ��¢ �£
 �V¡ y S� t S � y e � t e � y g� t g ¢ �£¤��#
 � ���/q� � �[� �j¡ y *� ��t * � y �� ��t � ¢ �£
 �[¡ y S� � t S � y e � � t e¥� y g� ��t g ¢ ��¤���
 � � =
Symmetryin

�
and

�
yieldstheanalogoustermsfor / � � /q��� and / ��� . With theabbreviations¦ p¨§ D � y p� y § � @ y § � y p� �© pª � D � ¦ * � y p ª � @ ¦ * p«y � ª � � ¦ � p«y *ª � �­¬��$® w F �
�$� K �¯ p¨§ D � ���`� � t * � t � � tvp � �l�`� � t * � t � � tq§ �`�
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it is now easyto seethat /q� M / � �[� � � ¦ * � � t * M t � ����¤��°� � � ������I� � /q� � / � � /q� � ���[� � � 
 � up b SI± e ± g ���`� � t * � t � � tvp ��© p��� �£¤��«� � � 
 � � =
Symmetryyieldstheanalogoustermsfor ���`� � /q� � / � � /q� � � and ���I� � /q� � / � � / ��� � and���[��² 
� ��³ � � ´p ± § b S`± e ± g ¯ p¨§ ¡ © p� � © §��� @ © p� � © § � � ¢ �£¤�� B �¦ e * � � t * M t � � e �£¤�� B � = (2)

All dependencieson � in theequalityareeitherexplicit or hiddenin the
¤�� B � terms.We notethat

¦ * � is
theJacobideterminantof thecharacteristicmap[Reif ’93, Reif ’95], which is non-zeroif thecharacteristic
mapis regular, andthat

� t * M t � � is positivefor almostall initial controlnets:<0 . Theleadingfactorof the
expression(2) for theGausscurvaturereadilyyields the following basiccharacterizationof thecurvature
at extraordinarypoints(c.f. [Reif ’93, page25])

Observation 1 Let ; be thesubdivisionmatrix of a regular ) * generalizedbox-splinesubdivisionalgo-
rithm asdefinedin Section2 with eigenvaluesB \ � \ 
 \[=H=I=lk G

.

(a) If

 \ � �

thentheGausscurvatureat theextraordinarypoint is infinite.

(b) If

'&(� �

thentheGausscurvatureat theextraordinarypoint is zero.

(c) If

O�[� �

thentheGausscurvatureat theextraordinarypoint is boundedby thesecondfactorof (2),
but is possiblynon-unique.

Examplesfor (a) are[Catmull& Clark ’78, Loop ’87, Qu ’90], for (b) are[Prautzsch& Umlauf ’98a,
Prautzsch& Umlauf ’98b] andfor (c) are[Sabin’91, Holt ’96]. Note thecuriouscombinationof tangent
continuityandinfinite curvaturefor thestandardalgorithmsin (a). In case(c), thelimit for �µP�� yields
at theextraordinarypoint �¶� up ± § b SI± e ± g ¯ p·§� t * M t � � e © p� � © § ��� @ © p� � © § � �¦ e * � = (3)

Recallthat thefactor
�#© p� � © §��� @ © p� � © § � � ��� ¦ e * � is a rationalfunction in

�
and

�
. In orderfor theGauss

curvatureto be well-definedat the extraordinarypoint ratherthanmulti-valuedor divergent,
�

mustbe
constant. Sincethe

¯ p·§ dependon the initial net, they canbe arbitraryexcept for
¯ p¨§ �¸¯ §$p andeach

summandhasto be constant.We concludethat the eigenfunctionsy * � =I=H= � y g mustsatisfy the six partial
differentialequations:© p��� © § ��� @ 5 © p� � © § � � ��© p��� © §� � � ¦ e * � i constp·§ � for s �«¹ w F n ��º»� 4 K �%¹ \�s �© p� � © p��� @ �#© p� � ����� ¦ e * � i constp¼p � for s � n ��º»� 4 = (4)

Lemma 2 Thelimit surfaceof a generalizedbox-splinesubdivisionalgorithmwith
¦ * �W½� G

hascontinu-
ous,for almostall initial netsnon-zero, Gausscurvature at theextraordinary point if andonly if


��r�»�
andthedifferentialequations(4) hold.

Similarly, with ¾¯ pÀ¿ÂÁ D � ���`� � t * � t � � t p �I� t ¿ t �Á � and Ã ¿ÂÁ � B � 5 for Ä �AÅ
and B otherwise,the mean

curvatureis

� � � ² 
� �Æ³ � ´ÇÉÈ�Ê�Ë Ì�Ë ÍÎÂË Ï·È%Ð�Ë Ñ�ËÒÎ�Ó>Ï ¾¯ pÀ¿ÂÁ ¡ Ã�¿ÂÁ © p� � � y ¿� y Á � � @ © p� � � y ¿� y Á � � y ¿� y Á � ��� Ã�¿ÂÁ © p��� � y ¿� y Á � � ¢ ��¤�� B �¦ S * � � t * M t � � S �£¤�� B � = (5)
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Theexpressionfor � �
yieldsObservation1,with Gausscurvaturereplacedby meancurvature.For


Ô��� �
we getbounded,not forcibly zero,but possiblynon-uniquemeancurvature

� � uÇ¼È>Ê�Ë Ì$Ë ÍÎÂË Ï·È7ÐÒË Ñ�Ë�ÎÂÓ>Ï ¾¯ pÀ¿ÂÁ� t * M t � � S Ã ¿�Á © p� � � y ¿� y Á � � @ © p� � � y ¿� y Á � � y ¿� y Á � �
� Ã ¿ÂÁ © p��� � y ¿� y Á � �¦ S * � = (6)

In analogyto Lemma2thenecessaryandsufficientconditionsfor amean-curvaturecontinuouslimit surface
requirethatninepartialdifferentialequationshold:Ã�¿ÂÁ © p� � � y ¿� y Á � � @ © p� � � y ¿� y Á � � y ¿� y Á � ��� ÃL¿�Á © p��� � y ¿� y Á � ��� ¦ S * � i constpÀ¿ÂÁ � (7)

for s � n ��º»� 4 � Ä �$Å�� B � 5 � Ä�\ Å
.

Sincetheprincipal curvaturesat apoint on the � th surfacering areÕ � * ± � � � �JÖV× � �� @ ���+�
(2) and(5) imply that Õ � * and Õ �� convergelike Ø ��
 � �L�»� � �

for ��PÙ� .

Observation 3 Thelimit surfaceof a generalizedbox-splinesubdivisionalgorithmwith
¦ * �}½� G

is curva-
turecontinuousat theextraordinarypoint if


Ô�[���
andthedifferentialequations(4) and(7) hold.

Since Ú}Û�/ � � Ø �«��� � �
and


'&(�u �RÜ7ÝLÞ�ß Õ � * ± � ß � Û�/ �à��u � Ø ��
 � � �L� � � �¥& � =
This immediatelyimpliesaninterestingfactderivedfor generalávâ spacesin [Reif & Schr̈oder’00].

Observation 4 Theprincipal curvaturesof thelimit surfaceof a generalizedbox-splinesubdivisionalgo-
rithm aresquare integrable.

4 Lower bounds on the degree

Wenow takealookattheimportantlowerboundresultsof [Sabin’91, Reif ’96, Zorin ’98, Prautzsch& Reif ’99].
For this it is crucialto distinguishbetweentheapparentor formaldegreeof box-splineeigenfunctions,pos-
sibly the resultof degree-raising,andthe true degreedenotedby “ ���Iã ”. The truedegreeis definedto be
theminimalnumberof non-vanishingderivatives.Wefocusonthedifferentialequationsresultingfrom the
Gaussiancurvature– theanalysisof themeancurvatureyieldsthesameresults.

We recallthattheleft handsideof thedifferentialequations(4) arefor s �«¹}� n ��º�� 4 ,� p¨§ D �f© p� � © §��� @ 5 © p� � © § � � ��© p��� © § ��� � ¹ \�s �� p¼p D �f© p� � © p��� @ �°© p� � � � =
Let Û � �l�Iã � /10 � denotethetotaldegree,respectively, thebi-degreeof aregularbox-splineparametrization.
A straightforwardcountyieldsfor all s ��¹?� n ��º»� 4 �«¹ kJs � thatä for thetotal degree���Hã �°� p·§ �æå 5 � 5 � Û @JB ��� Û @ 5 ���[ç Û @�è andä for thebi-degree���Hã �°� p·§ �¥å 5 � 5LÛ @JB � Û @JB ���(ç Û @ º

,

whereasfor theright handsideof (4)
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ä theformal total degreeof
¦ e * � is

ºÆ� 5�Û @ 5 � andä theformalbi-degreeof
¦ e * � is

ºÆ� 5LÛ @JB � .
This degreemismatchimpliesthefollowing observation.

Observation 5 Thelimit surfaceof a generalizedbox-splinesubdivisionalgorithmwith total degree���Hã � /10 �T� Û and ���Iã � ¦ * � ��� 5 � Û @�B �
is curvature continuousat an extraordinary point

¯
if andonly if

¯
is a flat point, i.e.


J&E�»�
. Thelimit

surfaceof a generalizedtensor-productsubdivisonalgorithmwith bi-degree���Iã � /10 ��� Û and ���Hã � ¦ * � �T� 5�Û @�B
is curvaturecontinuousat an extraordinarypoint

¯
if andonly if

¯
is a flat point.

In otherwords,a generalizedbox-splinesubdivision algorithmcanonly have a curvaturecontinuouslimit
surfacefor


��E�»�
, if thetruedegreeof theJacobian

¦ * � is lessthanits formal degree.Thisis thecase,if
eitheroneor bothof thefollowing conditionshold:

(i) Thetruedegreeof y * or y � is lessthan Û .

(ii) Theleadingtermsin theJacobian
¦ * � cancel.

Sinceweassumesymmetricmasks, ���Iã � y * ��� ���Hã � y � ��� D Û7é#=
If thesubdivisionsurfaceis curvaturecontinuousandnotflat in theextraordinarypointandif condition(ii)
doesnot applythen Û é & Û musthold by condition(i). In fact,wecomputeä for thetotaldegree���Hã �°� p·§ �ê� 5 � 5LÛ é � Û @ º7�

and ���Iã � ¦ e * � ���Vº»� 5LÛ é @ 5 � andä for thebi-degree���Hã �#� p¨§ �T� 5 � 5LÛ é � Û @ 5 � and ���Iã � ¦ e * � ���Vº»� 5�Û é @�B � .
Comparingdegreeswefind in eithercasethat 5LÛ é � Û andarriveat thefollowing observation:

Observation 6 If theleadingtermsin theJacobian
¦ * � donotcancelthenthelimit surfaceof ageneralized

box-splinesubdivisionalgorithmis curvature continuousandnot flat in an extraordinary point only if the
true (bi-)degreeof the surfaceis at leasttwice the true (bi-)degreeof the subdominanteigenfunctionsy *
and y � .
This is consistentwith thedegreeestimateof [Reif ’96, Zorin ’98]. Thecentralideaof theseproofsappears
alreadyasa partingsentencein [Sabin’91]: the surfaceis viewed asa function over the tangentplane
parametrizedby y * and y � . To have non-zerocurvature,it is necessarythat thenon-tangentialcomponent
of thesurfaceis atleastquadraticin yl* and y � , i.e. Û�k(5LÛ é . Moregenerally, if thenon-tangentialcomponent
of thesurfaceis at leastof degreeë in y * and y � thenthesurfacerepresentationhasto beat leastof degreeëìÛ é . Sincey * and y � haveto haveaminimaldegreeto form ) ¿ rings,e.g. Û é kCÄ � B in thetensor-product
case,a lowerbound,say ë � Ä � B � , is deduced[Prautzsch& Reif ’99].

If, on the otherhand,thesubdivision surfaceis curvaturecontinuousandnot flat in the extraordinary
point andif condition(i) doesnot applythentheleadingtermsof

¦ * � mustcancelby condition(ii). Now
we computeä for thetotaldegree���Hã �°� p·§ �ê� 5ví�îìï F �l�Iã � ¦ * � ��� Û @ 5 � 5 � Û @JB �q� Û @ 5 K �Vç Û @�è and
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ä for thebi-degree���Hã �°� p·§ ��� 5ví�îìï F �l�Iã � ¦ * � ��� Û @�B � 5�Û @�B � Û @JBLK �Vç Û @ º
.

Comparingagainst���Hã � ¦ e * � �ê�Cº ���Hã � ¦ * � � we obtaina counterpartto Observation6.

Observation 7 If the true degreeof y * and y � is not lessthan Û thenthe limit surfaceof a generalized
box-splinesubdivisionalgorithmis curvature continuousandnot flat in an extraordinary point only if the
total degree ���Iã � ¦ * � �¥å n�Û � 5 @ 5 , respectively, thebi-degree ���Hã � ¦ * � �¥å n>Û � 5 @�B .

From theseobservations,it is evident that the key to curvaturecontinuoussubdivision surfacesis the
answerto thefollowing question.

Central Question For whatchoicesof eigenfunctionsy * and y � is ���Hã � ¦ * � � lessthan 5 ���Iã � /10 � @ 5 for
total degree, respectively, 5 ���Hã � /10 � @JB for bi-degreegeneralizedbox-splinesubdivisionalgorithms?

5 Curvature continuous subdivision constructions

If we interpretcurvaturesmoothnessin theweaksenseof á � integrability, thenObservation4 guarantees
thatalmostall ) * subdivisionalgorithmsqualify ascurvaturesmooth.If weallow flatspots,then[Prautzsch
& Umlauf ’98a,Prautzsch& Umlauf ’98b] yield low degree,smallmask,curvaturecontinuoussubdivision
algorithms.If wewantnon-zeroboundedcurvature,we canadapttheleadingeigenvaluesasin [Sabin’91,
Holt ’96]. However, if we wantcurvaturecontinuitywithout flat spotsthestringentconstraintsof Lemma
2 applyanda degree-reducedJacobianin thesenseof Observations6 or 7 is necessary. A trivial example
that satisfiestheseconstraintsis the regular caseof any ) �

box-spline: here y * and y � are linear. The
only non-trivial constructionsreportedto datesubdivide a polynomialfilling of an . -sidedholeobtained
by projection[Prautzsch’97, Reif ’98b].

To seein ournewly acquiredframework why theseconstructionsyield curvaturecontinuoussubdivision
surfaceswithout forcedflat pointswerestatethesufficientconditionsderivedby Prautzsch[Prautzsch’98].
(Parametrizingthe limit surfaceover the characteristicmap, [Reif ’98a] concludesalso the necessityof
theseconditions.)

Thesufficientconditionsof [Prautzsch’98] state,thatin orderto beableto solve thedifferentialequa-
tions(4) it sufficesthattheeigenfunctionsy S � y e and y g bequadraticpolynomialsin yl* and y � :y p �Vð p � y * � � ��ñ p#y * y � ��ò p � y � � � �óð p �Âñ p �$ò pvw Q � for s � n ��º»� 4 = (8)

Indeedthederivativesof y p � s � n �$º�� 4 � arethenof theformy p� � 5 ð p y * y *� ��ñ p � y *� y � � y * y �� ��� 5 ò p y � y �� �y p� � � 5 ð p ¡ � y *� � � � y * y *� � ¢ ��ñ p ¡ y *� � y � � 5Ly *� y �� � y * y �� � ¢ � 5 ò p ¡ � y �� � � � y � y �� � ¢
andanalogouslyfor y p� � y p��� and y p� � . This yields¦ * p � ¦ * � �«ñ p y * � 5 ò p y � ���¦ � p � @ ¦ * � � 5 ð p y * ��ñ p y � � and© p� � � 5 ¦ * � �#ð p � y *� � � ��ñ p#y *� y �� �£ò p � y �� � � � =
Substituting

© p��� �$© p��� and
© p� � in (3) and (6), the limit termsfor the Gaussand the meancurvatures

simplify to��� up ± § b SI± e ± g ¯ p·§� t * M t � � e i � p·§ and � � uÇ¼È>Ê�Ë Ì$Ë ÍÎÂË Ï·È%Ð�Ë Ñ�ËÒÎ�Ó>Ï ¾¯ pÀ¿ÂÁ� t * M t � � S i ¾� ¿ÂÁ
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where� p·§ �õô º»�°ð p ò § ��ð § ò p � @ 5 ñ p ñ § for s ½�£¹º>ð p ò p @ �°ñ p ��� for s �£¹ � ¾� ¿�Á �÷öø ù ò p for Ä �VÅ�� Bð p for Ä �VÅ�� 5@ ñ p � 5 for Ä ½�VÅ =
Sincetheselast expressionsfor the Gaussandmeancurvatureareconstant,the limit surfaceis curvature
continuousat theextraordinarypoint.

Subdivision algorithmsthat satisfy the sufficient conditions(8) werederived by [Prautzsch’97, Reif
’98b]. We analyzePrautzsch’s approachin detail in termsof our necessaryandsufficient conditionsof
Lemma2. Here o * and o � are the eigenvectorsto the subdominanteigenvalue

�
of the Catmull-Clark

algorithm. Then y * and y � have truebi-degree n . Now set y S �µ� y * ���L� y e � y * y � and y g �A� y �H��� with
controlnets ú p � s � n ��º»� 4 . Furthermore,ú * and ú � arethe controlnetsof y * and y � , respectively, in a
degree-doubledrepresentation.Thenthesubdivisionmatrix of Prautzsch’sconstructionfor is givenby; ��ûà©�ûàü
whereû D �	ý¼þ»� ú * � ú � � ú S � ú e � ú g�ÿ � © D �

diag
� B �Â�q�Â�q�Â� � ��� � �Â� � ��� û ü D ���«û � ûE� 2 * û � =

In this constructionthe only non-zeroeigenvaluesof ; are B �Â��� 5 -fold
�`���»�>� n -fold

�
correspondingto the

eigenvectors
þÆ� ú * � =I=I= � ú g

.

6 Conclusion

We surveyedandrestateda numberof importantrecentresultsconcerningthecurvaturecontinuityof the
limit surfacesof generalizedbox-splinesubdivision algorithms.Thedirectcomputationof

�
and � sim-

plifies thematterandyieldsnew insightsinto why thelimit surfacesof mostsubdivisionalgorithmsarenot
curvaturecontinuousandwhatcriterianeedto beenforcedby new constructions.

References

M.P. DO CARMO (1976). Differential geometryof curvesand surfaces. Prentice-HallInc., Englewood
Cliffs, N.J.

E. CATMULL AND J. CLARK (1978). Recursive generatedB-spline surfaceson arbitrary topological
meshes.Computer-AidedDesign, 10(6):350–355.

F. HOLT (1996).Towardsacurvature-continuousstationarysubdivisionalgorithm.Z. Angew. Math.Mech.,
76(Suppl.1):423–424.

C.T. LOOP (1987). SmoothSubdivision SurfacesBasedon Triangles. Master’s thesis,Departmentof
Mathematics,Universityof Utah,August1987.

J. PETERS AND U. REIF (1998).Analysisof algorithmsgeneralizingB-splinesubdivision.SIAMJ. Numer.
Anal., 35(2):728–748.

H. PRAUTZSCH (1997).Freeformsplines.Comput.AidedGeom.Design, 14(3):201–206.

H. PRAUTZSCH (1998). Smoothnessof subdivision surfcesat extraordinarypoints. Advancesin Comp.
Math., 9:377–389.



GaussianandMeancurvatureof subdivisionsurfaces 9

H. PRAUTZSCH AND U. REIF (1999).Degreeestimatesfor ) ¿ -piecewisepolynomialsubdivisionsurfaces.
Advancesin Comp.Math., 10(2):209–217.

H. PRAUTZSCH AND G. UMLAUF (1998a). A
���

-subdivision algorithm. In G. FARIN, H. BIERI ,
G. BRUNNETT, AND T. DEROSE, editors(1998a),GeometricModelling, pages217–224.Dagstuhl
1996,ComputingSupplement13,Springer-Verlag,1998.

H. PRAUTZSCH AND G. UMLAUF (1998b). Improvedtriangularsubdivision schemes.In F.-E. WOLTER

AND N.M. PATRIKALAKIS, editors(1998b),ComputerGraphicsInternational1998, pages626–
632,Hannover, 22.-26.June1998.IEEE ComputerSociety.

R. QU (1990). Recursivesubdivisionalgorithmsfor curveandsurfacedesign. PhDthesis,Departmentof
MathematicsandStatistics,BurnelUniversity, Uxbridge,Middlesex, England,August1990.

U. REIF (1993). NeueAspektein der Theorieder Freiformflächenbeliebiger Topologie. PhD thesis,
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