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Abstract

By explicitly deriving the curvatureof subdvision surfacesin the extraordinarypoints, we give an
alternatve, moredirectaccounbf thecriterianecessarandsuficient for achiering curvaturecontinuity
thanearlierapproachethatlocally parametrizeéhe surfaceby eigenfunctions.

The approachallows usto rederive andthussuney the importantlower boundresultson piecavise
polynomial subdvision surfacesby PrautzschReif, Sabinand Zorin, aswell as explain the beautyof
cunvaturecontinuousconstructiondik e Prautzscts. The parametrizatiomeutralperspectie givesalso
additionalinsightsinto theinherentconstraintsandstiffnessof subdvision surfaces.

1 Introduction

Almostall subdvisionalgorithmsin thecurrentliteratureachieve tangentontinuitybut not curvatureconti-
nuity. We give asimplecharacterizationf the causesinderlyingthis phenomenoiby explicitly expressing
Gaussiarandmeancurvaturein the minimally smoothextraordinarypoints. This allows usto rederve and
therebysuney theimportantlower boundresultsof [Sabin’91, Reif '96, Zorin '98, Prautzscl& Reif '99]
andconstructiongor curvaturecontinuouspiecavise polynomialsubdvisionalgorithmsby [Prautzsch97,
Prautzscl& Umlauf’98b, Reif '98b]. Beyondthis we getadditionalinsightsinto the inherentconstraints
andstiffnessof suchsubdvision algorithms. Sincea subdiision surfaceconsistsof aninfinite collection
of polynomialpiecesaroundevery extraordinarypoint onemight expectsuchsurfacesto be moreflexible
thansplinesurfaces However, we will seethattheinfinite applicationof thesamesubdvisionrule enforces
strict ruleson the piecavise polynomialrings cornverging towardsextraordinarypoints. For example,the
Jacobianof the subdominaneigenfunctionsof a curvature continuoussubdvision algorithm musthave
lower degreethanthe Jacobiarof the subdvision surfaceitself.

Thepapetis organizedasfollows. With thenotationof Section2, we expressn eachsubdvisionstepm
thecurvatureof theinnermossplinering aroundagivenextraordinarypointasK,, = (u/A?)*™ f2(u,v),
respectiely, H,, = (u/\?)™ f&(u,v) for scalarconstantg < A andrationalfunctionsf. Thefactoryu/\?
immediatelyimplies necessargonstraintson curvaturecontinuoussubdvision surfacesandthe wealest
form of curvaturesmoothnessthe principal curvaturesof piecavise polynomialC? subdvisionalgorithms
aresquardantegrable.Sectiond derivesandreviews necessargonstraint®n subdiision surfacego becur-
vaturecontinuousby observingthat f shouldbe constanin thelimit andequatinghe degreeof numerator
anddenominatoof f attheextraordinarypoint. Section5 reviews Prautzscls sufficient conditionandhis
uniqueconstructiorof a curvaturecontinuouslinear, stationarysubdvision algorithmby projection.
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2 Notation and basic facts

In this sectionwe definejustthebasicnotationandfactsneededor ouranalysisfor aformal, moregeneral
andabstracsetting,thereaderis referredto [Reif '98a] and[Zorin '98].

While our analysisappliesto a larger classof subdvision algorithms,we focusin the following on
genealizedbox-splinesubdivisioralgorithms thatis on affineinvariant,symmetriclinear, local, stationary
algorithmsthatgeneralizéoox-splinesubdvisionandgeneratdregular) C* surfaces.In particular thelimit
surfacehasa piecavise polynomialparametrizatiorandthe parametricsmoothnesbetweenthe piecesis
well-known exceptat a finite numberof extraordinarypoints. An extraordinarypoint is the limit point of
a minimal subnetof the initial control net underrepeatedapplicationof the subdvision algorithm. Such
a subnetconsistsof ann-valentvertex (for a primal subdvision algorithm)or ann-sidedfacet(for a dual
subdvision algorithm)andjustthoseneighboringcontrol pointsthatdeterminea surfacering x, aroundan
n-sidedhole by theregularbox-splinesubdvision rules(Figurel left).
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Figure 1: Insertinga surfacering x,,, (light grey) into the holeleft by x,,,_; (darkgrey). x,, consistsof
5 imagesof 200 \ O. Thevectorof controlpointsC,, of x,, (circles)is obtainedby onesubdvision step
appliedto C,,,_1 (dots).

If we arrangethe pointsof the subnetinto the columnvectorC, theneachsubdvision steptransforms
the subnetby applyingthe samesquarestochasticsubdiision matrix A. After m applicationgheresultis
the subnet

C,. = A™C,.

The mth subdvision stepaddsthe surfacering x,,, (u, v) insidethe holeleft by the (m — 1)st subdvision
step(Figurelright). Thesurfaceringsarebox-splinesandcanthereforeberepresenteds

Xm :{0,...,n =1} x Q = R3, Xm(u,v) = B(u,v)Cpy,

whereB(u,v) is the row vectorof the box-splinebasisfunctionsandthe domain(2 is either20 \ O or
2A \ A, with O theunit squareand A theunit triangle.
For simplicity we assumehat A is diagonalizablevith eigervalues

1=/\0>/\1=/\2>)\3=)\4=)\5>"'20,
—_—— ——
=\ =:u
suchthat A\; = A, correspondo the 1st and (n — 1)st block, A3 = A4 (for n > 3) to the 2nd and
(n — 2)nd block and A5 to the Oth block of the Fourier decompositiorof A (c.f. [Peters& Reif'98]). The

correspondingigervectorsaredenotedoy v;, i.e. Av; = \;v; for all . For subdvision algorithmswith
moregenerakubdiision matricesA thereadeiis referredto [Reif '98a, Zorin '98].
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In termsof multiplesp; of theeigernvectorsthe subnettanbe expressedis
Cn =) N'vipi, pi€R.
7

Expandedn the eigenfunctione? : {0,...,n — 1} x @ = R, (u,v) — B(u,v)v; associateavith v; the

surfacering x,, is of theform
Zz\mBu V)ViPi = Z)\m ’ u,v)p

A well-known factof differentialgeometry(seee.g.[Carmo’76]) is thatfor anyregular surfacepara-
metrizationx the Gausscurvature K andthe meancurvatureH are

_ efu,0)g(u,0) - fu,0)?
K(u,v) = E(u,v)G(u,v) — F(u,v)?’
e(“:“)G(uﬂ U) - 2f(ua 'U)F(U,U) + g(u,U)E(u,v)
2(E(u,v)G(u,v) — F(u,v)?) ’

wherex,, is thepartialderivative of x(u, v) with respecto u

)

H(u,v) =

E=x,x, F=x,x, G=x,x,

t t t

€ = DXy, wpy 9T DXy,

[ =nx

andn = (x4 X Xy)/||xs X x,]| is thenormal. Sincex is assumedo be regular, the denominator®f (1),
EG — F? = ||x, X x,||?, arenonzercandwe have

det(Xy, Xy, Xuy ) det(Xy, Xy, Xyy) — det(Xy, Xy, Xuy )2

K

(%0 X %,[|* ’

det (Xy, Xy, X)) (XXt — 2 det(Xy, Xy, X ) (XuxE) + det(Xy, Xy, Xyy ) (XuXE,)
2||xy X x]|3 )

H =

3 Gausscurvature and mean curvature

In this section,we derive the Gausscurvatureandthe meancurvatureof the limit surfacesof generalized
box-splinesubdvision algorithmsat extraordinarypoints. We expandeachof the surfacerings x,,, in
termsof the eigenfunctionse?. This approachgoesbackat leastto [Reif '93]. However, in contrastto
[Reif '93] we do not analyzethe curvatureby parametrizinghelimit surfacelocally asafunctionoverthe
subdominantigenfunctions:! ande? but rathercomputethe curvatureexpansionexplicitly. Thatis, we
determinethe cunvaturesk,, (u, v) andH,, (u, v) of x,, (u, v) andthentake thelimit asm — oo.

For simplicity we write x insteadof x,,, in the following. Sincethe basisfunctionsform a partition of
unity, e® = 1 and

x, = A" (eyp1 + €,p2) + 1™ (€lps + €,ps + €3ps) + o(u™),
Xuv = Am (ezll/upl + eivpz) + l’Lm (eivpf} + e14,wp4 + epr5) + O(/“Lm)
Symmetryin » andv yieldstheanalogoudermsfor x,,, x,,,, andx,,,. With theabbreiations

—elel _ lel
Ajj:=elel —elel,

Dy, = Apsely — Avsel, + Avieyy, 5,1 € {u,0},
‘P’ij = det(plap27 pz) det(pla P2, pJ)J
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it is now easyto seethat
Xy X Xy = A2 A (p1 X p2) + o(A2™),

det(Xy, Xy, Xuu) = DT Z det(pl,pg,pi)Dfm + 0(/\2m/‘m)-
1=3,4,5

Symmetryyieldstheanalogousermsfor det(x,, Xy, Xy, ) anddet(x,,, Xy, X, ) and
Pij (DLuD{w - waD'zjw) + 0(1)
(2)

K. — (i)%” i,j=3,4,5
RV Al,llp1 x p2f|* +o(1)

All dependenciesnm in the equalityareeitherexplicit or hiddenin the o(1) terms. We notethat A5 is
the Jacobideterminanbf the characteristienap[Reif '93, Reif '95], whichis non-zeraf thecharacteristic
mapis regular, andthat||p; x p2|| is positive for aimostall initial controlnetsCy. Theleadingfactorof the
expression(2) for the Gausscurvaturereadily yields the following basiccharacterizatiomf the curvature
atextraordinarypoints(c.f. [Reif '93, page25])

Observation 1 Let A be the subdivisionmatrix of a regular C! genewlizedbox-splinesubdivisionalgo-
rithm asdefinedn Section2 with eigervaluesl > A > p > ... > 0.

(@) If u > A\? thenthe Gausscurvatue at the extraordinary pointis infinite.
(b) If u < A2 thenthe Gausscurvatuee at the extraordinary pointis zeo.
(c) If u = X\? thenthe Gausscurvatuee at the extraordinary pointis boundedy the secondactor of (2),

but is possiblynon-unique

Exampledfor (a) are[Catmull & Clark’78, Loop’'87, Qu’90], for (b) are[Prautzsch& Umlauf’'98a,
Prautzsch& Umlauf’98b] andfor (c) are[Sabin’91, Holt '96]. Notethe curiouscombinationof tangent
continuity andinfinite curvaturefor the standardalgorithmsin (a). In case(c), thelimit for m — oo yields
attheextraordinarypoint

i 55 P X P2l Aty

Recallthatthefactor(D:, DJ — D! DJ )/A%, is arationalfunctionin 4 andv. In orderfor the Gauss
cunatureto be well-definedat the extraordinarypoint ratherthan multi-valuedor divergent, K mustbe
constant. Sincethe P;; dependon the initial net, they canbe arbitrary exceptfor P;; = P;; andeach

summanchasto be constant. We concludethat the eigenfunctions:!, .. ., e3> mustsatisfythe six partial
differentialequations:
D, Dj, —2D;,D}, + D;,Dj, = Af,-consi;, fori,j € {3,4,5}, j > i, @
D, Di — (Di ) = A},-const, fori =3,4,5.

Lemma 2 Thelimit surfaceof a generlizedbox-splinesubdivisionalgorithmwith A;> # 0 hascontinu-
ous, for almostall initial netsnon-zeo, Gausscurvatue at the extraordinary pointif andonly if 4 = A2
andthedifferential equationg4) hold.

Similarly, with Py := det(p1, p2, pi)(Prp}) andey, = 1/2 for k = [ and1 otherwise the mean
curvatureis

Py (e Dy (ebel)) — Di (ehel + ebel)) + e Di, (ekel)) +o(1)

>1
= . 5
A%, s x pallP + o() ®)
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Theexpressiorfor H,,, yieldsObsenation1, with Gaussurvaturereplacedy meancurvature.For p = \2
we getboundednotforcibly zero,but possiblynon-uniquemeancurvature

H= Y Py enDj,(efel) — Dy (ekel +efel) +euDj,(efel) ©)
Plapage lp1 % P2l A?z
k,1=1,2, k>1

In analogyto Lemma2 thenecessargndsufficientconditionsfor amean-curaturecontinuoudimit surface
requirethatnine partial differentialequationsold:

Ekl‘Diu(egei)) - Div(ezei) + e‘lk):ei,l,) + Ele"f)v(eﬁeiJ,) = A?Z - CONSlyy, (7)

fori=3,4,5,k,1=1,2,k > L.
Sincetheprincipal curvaturesat a point on themth surfacering are

/@{’fz =H,+VH2 — Kn,
(2) and(5) imply thatx?* andx3* corvergelike O(u™ /\?™) for m — oo.

Observation 3 Thelimit surfaceof a genemlizedbox-splinesubdivisionalgorithmwith A5 # 0 is curva-
ture continuousat the extraordinary pointif ;1 = A2 andthedifferential equationg4) and(7) hold.

Since [ dx, = O(A2™) andp < A

S [ IesPdsn = 30 00 3 < oc.

Thisimmediatelyimpliesaninterestingfactderivedfor generalL? spacesn [Reif & Schibder’'00].

Observation 4 Theprincipal curvaturesof thelimit surfaceof a genemlizedbox-splinesubdivisionalgo-
rithm are squae integrable

4 Lower boundson thedegree

We now takealook attheimportantiowerboundresultsof [Sabin’91, Reif '96, Zorin 98, Prautzsct& Reif '99].
For thisit is crucialto distinguishbetweerthe apparentr formal degreeof box-splineeigenfunctionspos-
sibly the resultof degree-raisingandthe true degreedenotedby “deg”. The true degreeis definedto be
theminimal numberof non-vanishingderivatives. We focuson the differentialequationsesultingfrom the
Gaussiarcurvature— the analysisof the meancurvatureyieldsthe sameresults.
We recallthattheleft handsideof thedifferentialequationg4) arefor i, j = 3,4, 5,

Gij :DauD%v _QDZvD%U +Df}vD1J;,u5 J>i,

Gii ::Diquw - (wa)2
Letd = deg(xo) denotethetotal degree respectiely, thebi-degreeof aregularbox-splineparametrization.
A straightforvardcountyieldsfor all 4, j = 3,4, 5, j > 4, that

o for thetotal degreedeg(Gi;) < 2(2(d—1) +d —2) = 6d — 8 and
o for thebi-degreedeg(G;;) < 2(2d—1+d —1) =6d — 4,

whereador theright handsideof (4)
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o theformaltotal degreeof Af, is 4(2d — 2) and
o theformal bi-degreeof A%, is 4(2d — 1).
This degreemismatchimpliesthe following obsenation.

Observation 5 Thelimit surfaceof a genemlizedbox-splinesubdivisionalgorithmwith total degree
deg(xo) =d and deg(Aiz) =2(d—1)

is curvature continuousat an extraordinary point P if andonly if P is a flat point,i.e. 4 < A2. Thelimit
surfaceof a generlizedtensorproductsubdivisoralgorithmwith bi-degree

deg(xo) =d and deg(A12) =2d—-1
is curvature continuousat an extraordinary point P if andonlyif P is a flat point.

In otherwords,a generalizedox-splinesubdiision algorithmcanonly have a curvaturecontinuoudimit
surfacefor u = A2, if thetrue degreeof the Jacobiam, is lessthanits formal degree.Thids the case f
eitheroneor bothof thefollowing conditionshold:

(i) Thetruedegreeof e! or e? is lessthand.
(i) Theleadingtermsin the Jacobiam\ > cancel.

Sincewe assumeymmetricmasks,
deg(e') = deg(e?) =: d'.

If the subdvisionsurfaceis curvaturecontinuousandnotflat in the extraordinarypointandif condition(ii)
doesnotapplythend' < d musthold by condition(i). In fact,we compute

o for thetotal degreedeg(G;;) = 2(2d' + d — 4) anddeg(Af,) = 4(2d' — 2) and
o for thebi-degreedeg(G;;) = 2(2d' + d — 2) anddeg(Af,) = 4(2d' — 1).
Comparingdegreeswefind in eithercasethat2d’ = d andarrive atthefollowing obsenation:

Observation 6 If theleadingtermsin theJacobianA ;> donotcancelthenthelimit surfaceof agenealized
box-splinesubdivisionalgorithmis curvatuie continuousand not flat in an extraordinary point only if the
true (bi-)degreeof the surfaceis at leasttwice the true (bi-)degree of the subdominaneigenfunctionse!

ande?.

Thisis consistentvith the degreeestimateof [Reif '96, Zorin '98]. Thecentralideaof theseproofsappears
alreadyasa parting sentencean [Sabin’91]: the surfaceis viewed as a function over the tangentplane
parametrizedy e' ande?. To have non-zerocurvature,it is necessaryhatthe non-tangentiatomponent
of thesurfaceis atleastquadratidn e! ande?,i.e.d > 2d'. Moregenerallyif thenon-tangentiatomponent
of the surfaceis atleastof degreer in e! ande? thenthe surfacerepresentatiohasto be atleastof degree
rd'. Sincee! ande? have to have aminimal degreeto form C* rings,e.g.d’ > k + 1 in thetensorproduct
casealowerbound,sayr(k + 1), is deducedPrautzsch& Reif'99].

If, onthe otherhand,the subdvision surfaceis curvaturecontinuousandnot flat in the extraordinary
pointandif condition(i) doesnot applythenthe leadingtermsof A;2 mustcancelby condition(ii). Now
we compute

o for thetotal degreedeg(G;;) = 2max{deg(Ai2) +d —2,2(d— 1)+ d — 2} = 6d — 8 and
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o for thebi-degreedeg(G;;) = 2max{deg(A2) +d—1,2d—1+d — 1} = 6d — 4.
Comparingagainsideg(Af,) = 4 deg(A;2) we obtaina counterparto Obsenation6.

Observation 7 If the true degree of e! and e? is not lessthan d thenthe limit surfaceof a genearlized
box-splinesubdivisionalgorithmis curvatuie continuousand not flat in an extraordinary point only if the
total degreedeg(A;2) < 3d/2 — 2, respectivelythe bi-degreedeg(Aq2) < 3d/2 — 1.

From theseobsenations,it is evidentthatthe key to curvaturecontinuoussubdvision surfacesis the
answetrto thefollowing question.

Central Question For whatchoicesof eigenfunctions! ande? is deg(A;2) lessthan2 deg(xq) — 2 for
total degree respectively2 deg(xo) — 1 for bi-degreegenemnlizedbox-splinesubdivisionalgorithms?

5 Curvature continuous subdivision constructions

If we interpretcurvaturesmoothnes the weaksenseof L? integrability, thenObsenation4 guarantees
thatalmostall C'* subdvisionalgorithmsgualify ascurvaturesmooth.If weallow flat spots then[Prautzsch
& Umlauf’'98a, Prautzsct& Umlauf’98b] yield low degree,smallmask,curvaturecontinuoussubdvision
algorithms.If we wantnon-zeradboundedccurvature we canadapttheleadingeigervaluesasin [Sabin’91,
Holt '96]. However, if we wantcurvaturecontinuity without flat spotsthe stringentconstraintsof Lemma
2 applyanda degree-reducedacobiarin the senseof Obsenations6 or 7 is necessaryA trivial example
that satisfiestheseconstraintsis the regular caseof ary C? box-spline: heree! ande? arelinear The
only non-trivial constructiongeportedto datesubdiide a polynomialfilling of ann-sidedhole obtained
by projection[Prautzsch97, Reif '98b].

To seein our newly acquiredramewnork why theseconstructionyield curvaturecontinuoussubdvision
surfaceswithoutforcedflat pointswe restatehe sufficient conditionsderived by PrautzschPrautzscho8].
(Parametrizingthe limit surface over the characteristianap, [Reif '98a] concludesalsothe necessityof
theseconditions.)

The suficientconditionsof [Prautzsch98] state thatin orderto be ableto solve the differentialequa-
tions(4) it sufiicesthatthe eigenfunctions?, e* ande® be quadratigpolynomialsin e! ande?:

el =a;(eh)? + biele? +¢;(e®)?, ai,bi,c; €R,  fori=3,4,5. (8)

Indeedthederivativesof ef, i = 3, 4, 5, arethenof theform

el = 2d'e'el +bi(ele? +e'e?) +2c'ee?,
el, = 2a'((el)’+e'el,) +b (e, +2e.el +e'el,) +2c ((el)” +e’el,)
andanalogouslyfor e? , ei  andef, . Thisyields
Ay = Au(bie1 + 20ie2),
Ay = —Ap(2a‘e! +b'e?) and
Dy, = 2An(ai(e,)” +bieye] + ci(e})?).

SubstitutingD?,,,, D¢, and D, in (3) and (6), the limit termsfor the Gaussand the meancurvatures
simplify to

P Py 5
K — i fi and H= = [
2 T pal Z Rk
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where
., i fork=1=1
o= { A(aicj + azci) —2bib;  fori #j Fu = " fork=1=2
w 4a;c; — (bz)2 fori = J’ :bz/z for k # l

Sincetheselast expressiondor the Gaussand meancurvatureare constantthe limit surfaceis curvature
continuousat the extraordinarypoint.

Subdvision algorithmsthat satisfy the sufficient conditions(8) were derived by [Prautzsch97, Reif
'98b]. We analyzePrautzscts approachin detail in termsof our necessanand sufficient conditionsof
Lemma2. Herev; andvy arethe eigervectorsto the subdominaneigervalue A of the Catmull-Clark
algorithm. Thene! ande? have true bi-degree3. Now sete® = (e!)?,e? = ele? ande® = (e?)? with
controlnetsw;,i = 3,4,5. Furthermorew; andw, arethe control netsof e! ande?, respectiely, in a
degree-doubledepresentationThenthe subdivision matrix of Prautzschs constructiorfor is givenby

A=MDM*
where
M :=[1, w1, Wy, W3, Wy, Ws], D :=diag(1, A\, A, A%, A2, \?), M* = (M*M) 1M

In this constructionthe only non-zeroeigervaluesof A are1, A(2-fold), A\?(3-fold) correspondingdo the
eigervectorsl, wy, ..., ws.

6 Conclusion

We suneyed andrestateda numberof importantrecentresultsconcerningthe curvaturecontinuity of the
limit surfacesof generalizedox-splinesubdvision algorithms.The directcomputatiorof K and H sim-
plifies the matterandyields new insightsinto why thelimit surfacesof mostsubdvision algorithmsarenot
cunvaturecontinuousandwhatcriterianeedto be enforcedby new constructions.
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